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The construction of fractional quantum Hall (FQH) states from the two-dimensional array of
quantum wires provides a useful way to control strong interactions in microscopic models and
has been successfully applied to the Laughlin, Moore-Read, and Read-Rezayi states. We extend
this construction to the Abelian and non-Abelian SU(N − 1)-singlet FQH states at filling fraction
ν = k(N − 1)/[N +k(N − 1)m] labeled by integers k and m, which are potentially realized in multi-
component quantum Hall systems or SU(N) spin systems. Utilizing the bosonization approach and
conformal field theory (CFT), we show that their bulk quasiparticles and gapless edge excitations are
both described by an (N − 1)-component free-boson CFT and the SU(N)k/[U(1)]N−1 CFT known
as the Gepner parafermion. Their generalization to different filling fractions is also proposed. In
addition, we argue possible applications of these results to two kinds of lattice systems: bosons
interacting via occupation-dependent correlated hoppings and an SU(N) Heisenberg model.
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I. INTRODUCTION
Topologically ordered phases have attracted consider-
able interests in recent decades due to their robustness
against local perturbations and their possible applica-
tions to quantum computation [1, 2]. A prominent ex-
ample is the fractional quantum Hall (FQH) state, which
hosts chiral gapless modes at the boundary and quasi-
particle excitations obeying nontrivial statistics, called
the Abelian or non-Abelian anyons, in the bulk. One of
major subjects in this research area is to provide an effec-
tive description of the topologically ordered phases and
to classify them on the basis of it. In this respect, several
mathematical frameworks are developed to classify topo-
logically ordered phases in two spatial dimensions (2D)
(see Refs. [3–5] and references therein). Another impor-
tant subject is to investigate microscopic realizations of
these phases. However, beyond exactly solvable models
which are often not quite realistic, the strong interaction,
which is essential to stabilize the topological orders, be-
comes a main obstacle on pursuing this problem.
A useful tool to tackle this problem is the so-called
coupled-wire construction, which was originally applied
to Abelian FQH states [6]. An advantage of this ap-
proach lies in its broad application to interacting sys-
tems, even for lattice systems where the construction of
trial wave functions designed for the lowest Landau level
cannot be applied. In this approach, one starts from
the array of one-dimensional (1D) fermionic or bosonic
wires and then adds interactions among them. If the in-
teractions are appropriately chosen in such a way that
they open a bulk gap but leave gapless excitations local-
ized along the outermost wires, the coupled wires pro-
vide an effective description of the 2D topologically or-
dered phase with gapless boundaries. The latter edge
excitations described by a conformal field theory (CFT)
in (1+1)-dimensions is a fingerprint of the underlying 2D
topological order. In the last few years, the coupled-
wire construction has been extensively developed for a
variety of topological phases in 2D interacting systems:
Abelian and non-Abelian FQH states [7–12], chiral spin
liquids [13–16], fractional topological insulators and su-
perconductors [17–25], and symmetry-protected topolog-
ical phases [26, 27]. There are also interesting applica-
tions to 3D topological phases [28–31] and their surface
states [32–34].
The coupled-wire construction allows us to strictly
treat the interactions for Abelian topological orders with
the help of the Luttinger liquid theory [35, 36]. For non-
Abelian topological orders, the precise control of the in-
teractions is tricky since the underlying CFT is by itself
an interacting system. Nevertheless, the precise control is
achieved especially when the corresponding CFT, or pre-
cisely the simple current algebra, admits a free-field rep-
resentation in terms of bosonic and/or fermionic fields.
This is a key idea of the seminal work by Teo and Kane
[7], in which they succeeded in describing the Moore-
Read [37] and Read-Rezayi states [38] based on the Zk
or SU(2)k/U(1) parafermion CFT [39]. Although the
variety of non-Abelian topological orders is undoubtedly
rich, it appears that the microscopic understanding of
them is mostly limited to those associated with the Zk
parafermion CFT. An aim of this paper is to provide a
theoretical tool to microscopically deal with non-Abelian
topologically orders beyond the Zk parafermion CFT.
In this paper, we thus investigate the generaliza-
tion of the coupled-wire construction developed by Teo
and Kane for multi-component Abelian and non-Abelian
FQH states with a general internal SU(N)-algebraic
structure. Multi-component FQH states have been stud-
ied in various contexts by including the spin degeneracy
of electrons [40], an isospin index for bilayer FQH states
[41], or valley degrees of freedom of the graphene [42–
45]. Our starting point is the coupled-wire construction
of (N − 1)-component Abelian FQH states that corre-
spond to generalized Halperin wave functions at filling
ν = (N − 1)/N and are SU(N − 1) singlet. The simplest
cases for N = 2 and 3 respectively correspond to the
well-known bosonic Laughlin state at ν = 1/2 and the
Halperin (221) state at ν = 2/3 [40], whose coupled-wire
constructions have been achieved previously [6, 7]. In
this work, we further reveal a hidden SU(N) symmetry of
these SU(N − 1)-singlet FQH states, which most promi-
nently appears in gapless edge states. These edge states
are indeed described by the chiral SU(N)1 Wess-Zumino-
Witten (WZW) CFT [46] with central charge c = N − 1
and thus correspond to N − 1 massless chiral bosons.
A non-Abelian extension of these SU(N − 1)-singlet
states can be obtained by symmetrizing k copies of the
generalized Halperin wave functions. The resulting state
for bosons at filling ν = k(N−1)/N is a generalization of
the non-Abelian spin-singlet (NASS) FQH states intro-
duced by Ardonne and Schoutens for N = 3 [47, 48]. The
quasiparticle excitations of the non-Abelian SU(N − 1)-
singlet states carry the same fractional charges as those
of the Abelian ones but obey non-Abelian statistics.
The physical realizations of these non-Abelian states for
N = 4 have been proposed for rotating spin-1 cold bosons
[49, 50]. Those for general N have been considered as
natural candidates for non-Abelian topological phases in
fractional Chern insulators with higher Chern numbers
[51].
We device a coupled-wire system for the bosonic non-
Abelian SU(N − 1)-singlet states at ν = k(N − 1)/N
in terms of k channels of (N − 1)-component bosonic
wires. In this setup, the construction is achieved by
first taking k copies of the Abelian SU(N − 1)-singlet
state and then introducing suitable interactions made
3from their excitations. Those interactions are the tun-
nelings of unit-charge particle excitations between ad-
jacent wires and interactions among quasiparticle ex-
citations within the same wire. We then discuss that
the resulting state has a spectral gap in the bulk while
has gapless edge states described by the chiral SU(N)k
WZW CFT. Our approach employs free-bosonic (ver-
tex) representations of the SU(N)k WZW CFT and the
SU(N)k/[U(1)]
N−1 CFT. The latter CFT is a general-
ization of the Zk parafermion and is known as the Gepner
parafermion [52]. The vertex representations allow us to
identify the neutral sector of the edge states as those
parafermions and to rigorously prove the existence of the
bulk gap for some special case. We also discuss that the
neutral parts of bulk quasiparticles are described by spin
fields of the parafermion CFT, which are associated with
a ZN−1k symmetry breaking.
This construction is further extended to non-Abelian
FQH states generically described by [U(1)]N−1 ×
SU(N)k/[U(1)]
N−1 CFTs at different filling fractions,
which include fermionic FQH states. The construction
proceeds in a similar way by starting from certain par-
ent Abelian states that share the same filling fraction
and the same quasiparticle lattice structure with the non-
Abelian states. In fact, those parent Abelian states are
associated with the K matrices proposed in Refs. [53, 54].
Our approach reveals an intimate relation between cer-
tain Abelian and non-Abelian FQH states at the micro-
scopic level.
The coupled-wire approach also has a particular ad-
vantage for the applications to spatially anisotropic lat-
tice systems. Interactions required to stabilize the multi-
component FQH states take the form of tunnelings
dressed by particle fluctuations. Such tunnelings are nat-
urally realized by occupation-dependent correlated hop-
pings on the lattice, giving rise to the effect like a mu-
tual flux attachment [55]. Interestingly, they can be engi-
neered for ultracold atoms in optical lattices with period-
ically modulated interactions [56, 57]. Another, perhaps
most natural, way to realize the multi-component FQH
states is to consider SU(N) spins. They will give an ef-
fective description of a Mott-insulating phase of alkaline-
earth or ytterbium ultracold gases loaded into 2D optical
lattices [58–61]. An interesting issue about this model is
that several theoretical studies show a tendency to sta-
bilize the SU(N) Abelian chiral spin states for large N
[62–66]. We briefly argued the applications to these lat-
tice systems.
Outline of the paper
Considering the length and technical complexity of this
paper, we here provide a short summary for each section
along with some tips for readers. It will allow the readers
to skip around to find sections of their interest, depending
on their knowledge about the coupled-wire construction,
SU(N) algebra, and CFT. As a technical remark, all
the analyses given in this paper are basically understood
within free bosonic theory.
Section II presents several preliminaries of our ap-
proach. We start with a conventional way of understand-
ing the Abelian SU(N − 1)-singlet FQH states in terms
of the trial wave function and Chern-Simons theory. We
then introduce the non-Abelian SU(N − 1)-singlet FQH
states by symmetrizing the Abelian states. The most
general setup of our coupled-wire system is also presented
in the basis of Luttinger liquid theory.
In Sec. III, we construct the Halperin (221) state,
which corresponds to the bosonic Abelian SU(2)-singlet
FQH states. The readers who are not familiar with
the coupled-wire construction will find its basic idea
from Sec. III A. While a main purpose of this section
is to reveal a hidden link with the SU(3)1 WZW CFT
(Sec. III B), the analysis proceeds in a heuristic way and
the specific knowledge about the CFT is not assumed.
The quasiparticles of the Halperin (221) state is also ob-
tained in the manner of Teo and Kane (Sec. III C).
In Sec. IV, we extend the construction to the bosonic
NASS state at ν = 2k/3, particularly focusing on the
k = 2 case. As the NASS state is described by the SU(3)k
WZW CFT, the analysis in the large extent relies on
the underlying SU(3)-algebraic structure of the Halperin
(221) state discussed in the preceding section. We
present the coupled-wire system in terms of the SU(3)k
CFT (Sec. IV B) and also the [U(1)]2 × SU(3)2/[U(1)]2
CFT (Sec. IV C). The latter description involving the
parafermionic CFT turns out to be convenient for ex-
amining quasiparticles (Sec. IV D) as well as for the ex-
tension to general filling fractions in Sec. VI. It also re-
veals the level-rank duality between SU(3)2 and SU(2)3,
which exchanges the interwire and intrawire interactions
in the neutral sector between the k = 2 NASS and k = 3
Read-Rezayi states.
In Sec. V, the construction is generalized to the bosonic
SU(N − 1)-singlet FQH states with Abelian (Sec. V A)
and non-Abelian statistics (Sec. V B), which are de-
scribed by the SU(N)k WZW CFT. The construction
is a straightforward generalization of the previous two
sections and is therefore presented in a more system-
atic and abstract manner by highlighting the SU(N)-
algebraic structure. Quasiparticles of the non-Abelian
SU(N − 1)-singlet state are identified by the relation
with a ZN−1k statistical mechanical model in Sec. V C.
A somewhat ad hoc argument in Sec. IV D is comple-
mented here. This analysis may be interesting by its
own for those familiar with similar statistical mechanical
models.
Section VI presents extensions of the non-Abelian
SU(N − 1)-singlet states constructed in Sec. V to dif-
ferent filling fractions. The construction is achieved by
turning on interactions mixing different channels within
the same component in certain Abelian (N − 1)k-layer
FQH states. The resulting non-Abelian states are gener-
ically described by the [U(1)]N−1 × SU(N)k/[U(1)]N−1
CFT. While the discussion starts with the generalN case,
4two specific examples are given for N = 3 and k = 2 and
thus one may jump from Sec. IV. These examples in-
clude the NASS states at ν = 4/(4m + 3) by Ardonne
and Schoutens [47, 48] and a bilayer non-Abelian state
at ν = 4/(4m+ 1) by Barkeshli and Wen [67].
Section VII provides the application of coupled-wire
approach to two kinds of lattice system: lattice bosons
with occupation-dependent correlated hoppings and an
SU(N) Heisenberg model. This section is written in a
different taste from previous sections and only focuses
on the Abelian FQH states for the sake of simplicity.
Those who are interested in concrete microscopic models
to realize the FQH states may directly come here after
short glances at Sec. III and the first part of Sec. V.
Section VIII concludes this paper with several out-
looks. Six appendices are devoted to complete techni-
cal details of the analysis in the main text. Appendix A
summarizes our conventions of roots and weights of the
SU(N) algebra. The rests provide explicit proofs of
the vertex representations of the WZW and parafermion
CFTs.
II. PRELIMINARIES
In this section, we first introduce Abelian and non-
Abelian FQH SU(N − 1)-singlet states that are studied
in this paper. The former is described by a generalized
Halperin trial wave function, while the latter is obtained
by a symmetrization of the Abelian states. We then de-
scribe our coupled-wire systems where those FQH states
are constructed.
A. Abelian SU(N − 1)-singlet FQH states and K
matrix
We start from multi-component Abelian FQH states
whose trial wave functions on a disk geometry are given
by
ΨK({zσi }) =
N−1∏
σ=1
∏
i<j
(zσi − zσj )Kσσ
×
∏
σ′<σ′′
∏
k,l
(zσ
′
k − zσ
′′
l )
Kσ′σ′′ e−
1
4
∑
i,σ |zσi |2 ,
(1)
where {zσi } = zσ1 , · · · , zσNσ with Nσ being the number
of particles with the σ-th component (σ = 1, . . . N − 1),
zσi ≡ xσi + iyσi denotes the 2D complex coordinate of the
i-th particle with the σ-th component, and the magnetic
length has been normalized to one. K is the so-called K
matrix [68, 69], an (N − 1) × (N − 1) integer symmet-
ric matrix that fully determines the topological property
of Eq. (1) in the absence of extra symmetry. For exam-
ple, the ground-state degeneracy on a torus is given by
|det K|. This matrix also appears in the effective low-
energy description of the state (1), that is the (2+1)-
dimensional Chern-Simons theory. If we assign the U(1)
charge q to each component of particles, the correspond-
ing Lagrangian is given by
L = 1
4pi
µνλKσσ′a
σ
µ∂νa
σ′
λ −
q
2pi
µνλtσAµ∂νa
σ
λ, (2)
where we have assumed summation over repeated indices.
Here, aσµ are internal gauge fields, Aµ is an external U(1)
gauge field, and tσ is an (N−1)-dimensional vector called
the charge vector and given by t = (1, · · · , 1). This choice
of charge vector is called the symmetric or multi-layer
basis [68, 69].
In the following, we consider the (N − 1)-component
Abelian FQH states (1) with the K matrix whose diago-
nal entries are 2 and off-diagonal entries are 1:
KSU(N) =

2 1 1 · · · 1 1
1 2 1 · · · 1 1
1 1 2 1
...
...
. . .
...
1 1 2 1
1 1 1 · · · 1 2
 . (3)
Since all the diagonal entries are even integer, the cor-
responding FQH state is bosonic. Such a FQH state is
realized at the filling fraction,
ν =
N − 1
N
. (4)
The state is not just SU(N − 1) symmetric but actu-
ally SU(N − 1) singlet. For the single-component case,
KSU(2) = 2 and Eq. (1) represents the ν =
1
2 bosonic
Laughlin FQH state. It has been pointed out that this
state possesses a hidden SU(2) symmetry [70]. Indeed,
its edge state and the underlying Chern-Simons theory
are both described by the SU(2)1 WZW CFT. For the
two-component case, the K matrix (3) gives the spin-
singlet Halperin (221) state [40],
Ψ221({z↑i , z↓i }) =
∏
i>j
(z↑i − z↑j )2(z↓i − z↓j )2
×
∏
k,l
(z↑k − z↓l )e−
1
4
∑
i(|z↑i |2+|z↓i |2). (5)
This state exhibits a hidden SU(3) symmetry as its edge
states are described by the SU(3)1 WZW CFT [47]. The
case for N = 4 and its relation to the SU(4)1 WZW CFT
have been pointed out in Ref. [50].
The hidden SU(N) symmetry of the above Abelian
FQH states is revealed by considering the underlying lat-
tice structure [71]. In fact, the K matrix (3) is regarded
as a Gram matrix that is formed by the scalar prod-
ucts of primitive vectors of the SU(N) root lattice. The
change of primitive vectors with preserving the lattice
structure is given by the (N − 1) × (N − 1) integer ma-
trix G ∈ GL(N − 1,Z) with determinant ±1. Then we
5can find a matrix G that maps the K matrix (3) to the
familiar Cartan matrix of the SU(N) algebra (see Ap-
pendix A),
ASU(N) =

2 −1 0 · · · 0 0
−1 2 −1 0 0
0 −1 2 . . . ...
...
. . .
. . . −1 0
0 0 −1 2 −1
0 0 · · · 0 −1 2

, (6)
where
GASU(N)G
T = KSU(N). (7)
If we do not consider additional symmetries, such as
charge conservation, two Abelian FQH states given by K
matrices that transform each other by the GL(N − 1,Z)
transformation share the same topological properties
[68, 71]. For example, both KSU(N) and ASU(N) give
the same ground-state degeneracy N on a torus.
We remark that the transformation G does not pre-
serve the form of the charge vector t. Indeed, it maps the
Chern-Simons Lagrangian in the multilayer basis Eq. (2)
to that in the hierarchical basis [68, 69],
L = 1
4pi
µνλ(ASU(N))σσ′b
σ
µ∂νb
σ′
λ −
q
2pi
µνλt
h
σAµ∂νb
σ
λ,
(8)
where th = (0, · · · , 0, 1) and bσµ =
∑
σ′ G
T
σσ′a
σ′
µ . Thus it
gives an (N − 1)-th-level Haldane-Halperin hierarchical
state at ν = (N − 1)/N [72, 73].
Throughout this paper, we use the multi-layer basis,
where each component of particles carries charge q. The
hidden SU(N) structure of the K matrix is a most im-
portant key observation on constructing the non-Abelian
extension of SU(N − 1)-singlet states.
B. From Abelian to non-Abelian SU(N − 1)-singlet
FQH states
From the Abelian FQH states given by KSU(N), we can
construct the trial wave functions for non-Abelian FQH
states in a way similar to Ref. [74]. By dropping the
Gaussian factor in Eq. (1), we define the reduced wave
function for the Abelian SU(N − 1)-singlet FQH state,
Ψ˜SU(N)({zσi }) =
N−1∏
σ=1
∏
i<j
(zσi − zσj )2
∏
σ′<σ′′
∏
k,l
(zσ
′
k − zσ
′′
l ).
(9)
The trial wave functions for non-Abelian FQH states,
which we will focus on, can be represented by
Ψ˜kSU(N)({zσi }) = Sk-groups
∏
k groups
Ψ˜SU(N). (10)
This wave function is constructed as follows. We first
partition the total N = (N − 1)pk bosons into k groups,
each of which contains p bosons with each component
index σ. For each group of (N − 1)p bosons, we then
write the Abelian SU(N − 1)-singlet FQH wave function
Ψ˜SU(N). After these wave functions from the k groups are
multiplied together, we finally apply the symmetrization
operation Sk-groups over all possible partitions into groups
to obtain Ψ˜kSU(N). The resulting non-Abelian FQH states
are realized at filling factor
ν =
k(N − 1)
N
, (11)
and they are still SU(N − 1) singlet.
For N = 2, the non-Abelian FQH states constructed in
this way correspond to the bosonic Moore-Read state at
ν = 1 [37] and the bosonic Read-Rezayi states at ν = k/2
[38]. For N = 3, they correspond to the bosonic NASS
states at ν = 2k/3 [47, 48]. Those for N = 4 are pro-
posed in the context of rotating spin-1 bosons [49, 50]
and the general N case is considered in Ref. [51]. For
N = 2 and 3, the trial wave function (10) and asso-
ciated quasi-hole wave functions have been constructed
from conformal blocks of the chiral SU(N)k WZW CFT
[37, 38, 47, 48]. We expect that this holds for general
N and hence the bulk quasiparticle statistics and edge
states of these non-Abelian states are both described by
the chiral SU(N)k WZW CFT. From the bulk-edge cor-
respondence, the ground-state degeneracy D on a torus
should coincide with the number of sectors of the edge
states [37]. For the above non-Abelian FQH state, the
latter is given by the number of primary fields of the
chiral SU(N)k current algebra,
D =
(N + k − 1)!
(N − 1)!k! . (12)
We can further generalize the non-Abelian SU(N−1)-
singlet FQH state to other filling factors,
ν =
k(N − 1)
N + k(N − 1)m, (13)
where m is integer. Even m corresponds to a bosonic
FQH state, including the m = 0 state constructed
above, while odd m corresponds to a fermionic FQH
state. Although we can explicitly write down the trial
wave functions for these states, it is not important for
our purpose. Instead, we just mention several prop-
erties of them. Since we are considering (N − 1)-
component particles, there are N − 1 conserved charges.
The charge part of the underlying CFT is modified
with m, while the neutral part is unchanged. There-
fore, the full chiral CFT is not SU(N)k but rather
[U(1)]N−1 × SU(N)k/[U(1)]N−1 for m > 0. Here, the
CFT in the neutral part, SU(N)k/[U(1)]
k−1, is a gen-
eralization of the Zk parafermion CFT [39], known as
the Gepner parafermion [52]. Owing to the fact that the
6FIG. 1. The array of Luttinger liquids. The wire labeled by
j consists of k copies of (N − 1)-component bosons. They are
put on a magnetic field with the magnetic flux b.
ground-state degeneracy on a torus must be divisible by
the denominator of the filling factor [75], we expect that
the degeneracy is given by
D =
(k +N − 1)![N + (N − 1)km]
N !k!
. (14)
The main purpose of this paper is to construct these
non-Abelian SU(N−1)-singlet FQH states from coupled
wires.
C. Array of Luttinger liquids
Following Refs. [6, 7], we apply the coupled-wire con-
struction to the Abelian and non-Abelian SU(N − 1)-
singlet FQH states. As a building block, we first intro-
duce an array of Luttinger liquids [35, 36],
H0 =
Nw∑
j=1
N−1∑
σ=1
k∑
a=1
vF
2pi
∫
dx
[
1
g
(∂xθj,σ,a)
2 + g(∂xϕj,σ,a)
2
]
,
(15)
where Nw is the number of wires, and vF and g are the
velocity and stiffness of the Luttinger liquids. Here j, σ,
and a respectively stand for the indices of wire, compo-
nent of boson, and channel. Thus each wire has N − 1
components and each component has k channels. This
setup is schematically drawn in Fig. 1. The bosonic fields
θj,σ,a(x) and ϕj,σ,a(x) are dual to each other and satisfy
the commutation relations,
[θj,σ,a(x), ϕj′,σ′,a′(x
′)] = ipiδjj′δσσ′δaa′Θ(x− x′), (16)
and therefore,
[∂xθj,σ,a(x), ϕj′,σ′,a′(x
′)] = ipiδjj′δσσ′δaa′δ(x− x′).
(17)
Here Θ(x) is a step function that takes 1 for x > 0 while 0
for x < 0. The bosonic field θj,σ,a(x) corresponds to the
density fluctuation and is related to the boson density
operator by
ρj,σ,a(x) = ρ¯+
∑
n∈Z
ρ
(n)
j,σ,a(x), (18)
ρ
(0)
j,σ,a(x) =
1
pi
∂xθj,σ,a(x), (19)
ρ
(n)
j,σ,a(x) ∝ ein[2piρ¯x+2θj,σ,a(x)] (n 6= 0), (20)
where ρ¯ is the average density of bosons. Throughout this
paper, we assume that each species of boson in each wire
takes the same average density. We also introduce the
“Fermi” momentum kF = piρ¯ from the correspondence
with the Dirac fermions. The other bosonic field ϕj,σ,a(x)
represents the current fluctuation and is related to the
operator creating a boson with charge q,
Φ†j,σ,a(x) ∝ eiϕj,σ,a(x). (21)
Next we consider the interactions between wires. The
forward-scattering interactions will be summed up with
the form,
Hforward =
Nw∑
j,j′=1
N−1∑
σ,σ′=1
k∑
a,a′=1
∫
dx (∂xϕj,σ,a, ∂xθj,σ,a)
×Ujσa;j′σ′a′
(
∂xϕj′,σ′,a′
∂xθj′,σ′,a′
)
, (22)
where Ujσa;j′σ′a′ are 2×2 matrices. Combining with the
decoupled wires (15), we obtain the sliding-Luttinger-
liquid (SLL) Hamiltonian [76–79],
HSLL = H0 +Hforward. (23)
We also consider backscattering interactions of the form,
V{npσa,mpσa}j (x)
=
∏
p≥0
N−1∏
σ=1
k∏
a=1
[
Φ†j+p,σ,a(x)e
b(j+p)x
]npσa
ρ
( 12mpσa)
j+p,σ,a (x),
(24)
where npσa ∈ Z, mpσa ∈ 2Z, and b is the magnetic flux
related to the filling factor by ν = 2kF /b. If npσa < 0,
these interactions are interpreted as |npσa| times applica-
tions of Φj+p,σ,a, instead of Φ
†
j+p,σ,a. In general, p runs
over some nonnegative integers, but in this paper we only
consider interactions within the same wire (p = 0) and
those between adjacent wires (p = 1). Equation (24) is
expressed in terms of the bosonic fields as
V{npσa,mpσa}j (x) ∝ R{npσa,mpσa}j (x)O{npσa,mpσa}j (x),
(25)
where
O{npσa,mpσa}j (x) = ei
∑
p,σ,a(npσaϕj+p,σ,a+mpσaθj+p,σ,a),
(26)
R
{npσa,mpσa}
j (x) = e
i
∑
p,σ,a[b(j+p)npσa+kFmpσa]x. (27)
7Assuming spatial homogeneity of the coupling constants,
the interaction Hamiltonian takes the form,
Hint =
Nw∑
j=1
∑
{npσa,mpσa}
∫
dx
×
[
v{npσa,mpσa}V{npσa,mpσa}j (x) + H.c.
]
. (28)
Since the factor R
{npσa,mpσa}
j rapidly oscillates with the
spatial coordinate x parallel to the wires, the interaction
(28) vanishes after the integration unless R
{npσa,mpσa}
j =
1. Hence this condition determines the possible forms of
interactions in low energy, which are specified by the set
of integers {npσa,mpσa}.
To further restrict the allowed forms of the inter-
actions, we impose several physical constraints: parti-
cle and momentum conservations. Although these con-
straints are not necessary in the following argument, as
topological order is free from symmetries, it will be rea-
sonable to assume them for actual setups of the FQH
states. The particle conservation implies that
∑
p≥0
N−1∑
σ=1
k∑
a=1
npσa = 0. (29)
This slightly changes Eq. (27) to
R
{npσa,mpσa}
j (x) = e
i
∑
p,σ,a(bpnpσa+kFmpσa)x. (30)
Moreover, we impose the separate conservation of each
component of boson,
∑
p≥0
k∑
a=1
npσa = 0. (31)
Finally the momentum conservation requires that
∑
p≥0
N−1∑
σ=1
k∑
a=1
(bpnpσa + kFmpσa) = 0. (32)
If
∑
p,σ,ampσa 6= 0, this gives the direct relation to the
filling factor,
ν =
−2∑p,σ,a pnpσa∑
p,σ,ampσa
. (33)
We note that ν represents the filling factor averaged over
all the components and channels in each wire. Thus the
total filling factor in each wire is given by νtot = (N −
1)kν.
III. HALPERIN (221) STATE
We first show the construction of the Halperin (221)
state (5) in an array of the Luttinger liquids with two-
component bosons. This is achieved in a parallel way
to the construction of Abelian FQH states at the second
level hierarchy [7]. However, for the later purpose, we
further elucidate the underlying SU(3)-algebraic struc-
ture of the Halperin (221) state from the coupled-wire
construction.
A. Interactions at νtot = 2/3
We assign up and down spins to each component of the
boson and write σ =↑, ↓. Since we here only consider a
single channel k = 1, we simply drop the channel index
a. Then the commutation relations of the bosonic fields
(17) are reduced to
[∂xθj,σ(x), ϕj′,σ′(x
′)] = ipiδjj′δσσ′δ(x− x′). (34)
At filling factor ν = 1/3 for each component, correlated
hoppings between neighboring wires, which are allowed
by the particle conservation (31) and momentum conser-
vation (32), are listed in Table I. While their products
are also allowed by symmetry and thus can be added to
the Hamiltonian, the interactions shown in Table I will
be usually most relevant interactions at the fixed point
of the SLL Hamiltonian (23). Furthermore, those inter-
actions must commute with each other to simultaneously
open a gap for different fields. A set of such interactions
denoted by {n(I)pσ ,m(I)pσ } must satisfy the Haldane’s null
vector condition [80],∑
p=0,1
∑
σ=↑,↓
(
n(I)pσm
(J)
p+q,σ +m
(I)
pσ n
(J)
p+q,σ
)
= 0, (35)
for any integer q. From Table I, the pairs of the inter-
actions satisfying this conditions are given by (I, J) =
(1, 2), (1, 3), (2, 4), and (3, 4). Among these pairs, either
(1, 2) or (3, 4) leads to the Halperin (221) state, as we
will see below. On the other hand, the other pairs (1, 3)
or (2, 4) may give rise to a state in which one species of
bosons forms the Laughlin ν = 12 state while the other
species forms a charge-density-wave order.
In the following, we pick up the following pair of the
correlated hoppings (I, J) = (1, 2) from Table I,
Otj,↑ = ei[ϕj,↑−ϕj+1,↑+2(θj,↑+θj,↓+θj+1,↑)],
Otj,↓ = ei[ϕj,↓−ϕj+1,↓+2(θj,↓+θj+1,↑+θj+1,↓)],
(36)
and consider the interaction Hamiltonian,
Hint =
Nw−1∑
j=1
∑
σ=↑,↓
∫
dx
[
tσOtj,σ(x) + H.c.
]
. (37)
Then it is useful to introduce chiral fields,
φ˜Rj,↑ = ϕj,↑ + 2(θj,↑ + θj,↓),
φ˜Rj,↓ = ϕj,↓ + 2θj,↓,
φ˜Lj,↑ = ϕj,↑ − 2θj,↑,
φ˜Lj,↓ = ϕj,↓ − 2(θj,↑ + θj,↓).
(38)
8TABLE I. Possible correlated hoppings for two-component bosons at νtot = 1/3 + 1/3. The notation follows Sec. II C.
I n
(I)
0↑ n
(I)
0↓ n
(I)
1↑ n
(I)
1↓ m
(I)
0↑ m
(I)
0↓ m
(I)
1↑ m
(I)
1↓ O
{n(I)pσ ,m(I)pσ }
j
1 1 0 -1 0 2 2 2 0 exp i[ϕj,↑ − ϕj+1,↑ + 2(θj,↑ + θj,↓ + θj+1,↑)]
2 0 1 0 -1 0 2 2 2 exp i[ϕj,↓ − ϕj+1,↓ + 2(θj,↓ + θj+1,↓ + θj+1,↑)]
3 1 0 -1 0 2 0 2 2 exp i[ϕj,↑ − ϕj+1,↑ + 2(θj,↑ + θj+1,↑ + θj+1,↓)]
4 0 1 0 -1 2 2 0 2 exp i[ϕj,↓ − ϕj+1,↓ + 2(θj,↓ + θj,↑ + θj+1,↓)]
5 1 0 -1 0 2 2 0 2 exp i[ϕj,↑ − ϕj+1,↑ + 2(θj,↑ + θj,↓ + θj+1,↓)]
6 0 1 0 -1 2 2 2 0 exp i[ϕj,↓ − ϕj+1,↓ + 2(θj,↑ + θj,↓ + θj+1,↑)]
7 1 0 -1 0 0 2 2 2 exp i[ϕj,↑ − ϕj+1,↑ + 2(θj,↓ + θj+1,↑ + θj+1,↓)]
8 0 1 0 -1 2 0 2 2 exp i[ϕj,↓ − ϕj+1,↓ + 2(θj,↑ + θj+1,↑ + θj+1,↓)]
These fields obey the commutation relations,
[∂xφ˜
p
j,σ(x), φ˜
p′
j′,σ′(x
′)] = 2ippiδpp′δjj′Kσσ′δ(x− x′), (39)
with the K matrix,
K =
(
2 1
1 2
)
, (40)
where p = R,L also stand for ±1, respectively. In terms
of these chiral fields, the interactions (36) can be written
as
Otj,σ = eiφ˜
R
j,σ−iφ˜Lj+1,σ . (41)
It is easy to see that these interactions open a bulk gap
by introducing the link fields,
θ˜j+ 12 ,σ =
1
2
(φ˜Rj,σ − φ˜Lj+1,σ),
ϕ˜j+ 12 ,σ =
1
2
(φ˜Rj,σ + φ˜
L
j+1,σ),
(42)
which satisfy the commutation relations,
[∂xθ˜`,σ(x), ϕ˜`′,σ′(x
′)] = ipiδ``′Kσσ′δ(x− x′). (43)
Then the Hamiltonian is written as
H = HSLL +
Nw−1∑
j=1
∑
σ=↑,↓
∫
dx 2tσ cos(2θ˜j+ 12 ,σ). (44)
If the SLL Hamiltonian is appropriately tuned such that
tσ become relevant, tσ flow to the strong-coupling limit
under the renormalization group transformation. We can
then simultaneously localize the link fields θ˜`,σ to min-
ima of the cosine potentials. This opens a gap for the link
fields with 1 < ` < Nw, resulting in the bulk gap. How-
ever, at the leftmost (j = 1) and rightmost (j = Nw)
wires, the chiral fields cannot be paired into the link
fields. These unpaired fields φ˜L1,σ and φ˜
R
Nw,σ
behave as
the edge states of the Halperin (221) state.
One may have noticed that the form of the interaction
(36) and the resulting Hamiltonian is not symmetric un-
der the exchange of up and down spins. Although the
exchange symmetry of two species of boson in the micro-
scopic Hamiltonian is not necessarily required to stabi-
lize the Halperin (221) state, it is naturally assumed for
several experimental setups such as rotating Bose gases
[81–83]. This asymmetric form of the interactions may
be resolved when we also consider the correlated hop-
ping inside the wires. We will come back to this issue in
Sec. VII A.
B. SU(3)1 currents
To understand the underlying SU(3)-algebraic struc-
ture of the Halperin (221) state from the coupled-wire
Hamiltonian, we further introduce new linear combina-
tions of the chiral fields (38) by
χ˜pj,1 =
1√
2
(φ˜pj,↑ − φ˜pj,↓),
χ˜pj,2 =
1√
6
(φ˜pj,↑ + φ˜
p
j,↓).
(45)
These fields satisfy the commutation relations,
[∂xχ˜
p
j,l(x), χ˜
p′
j′,l′(x
′)] = 2ippiδpp′δjj′δll′δ(x− x′). (46)
The interactions (41) are rewritten as
Otj,↑ = eiα↑·χ˜
R
j −iα↑·χ˜Lj+1 ,
Otj,↓ = eiα↓·χ˜
R
j −iα↓·χ˜Lj+1 ,
(47)
where
α↑ =
(
1√
2
,
√
3
2
)
,
α↓ =
(
− 1√
2
,
√
3
2
)
,
(48)
and χ˜pj = (χ˜
p
j,1, χ˜
p
j,2). The vectors ασ are roots of SU(3),
which comprise a set of primitive vectors of the SU(3)
root lattice.
Let us suppose that the SLL Hamiltonian takes the
diagonal form in each chiral field,
HSLL = v
4pi
Nw∑
j=1
∫
dx
[
(∂xχ˜
R
j )
2 + (∂xχ˜
L
j )
2
]
. (49)
9For each wire, this Hamiltonian gives a bosonic descrip-
tion of the SU(3)1 WZW CFT [46]. In the Sugawara
construction, this Hamiltonian can be written in terms
of the SU(3)1 currents as
HSLL = v
16pi
Nw∑
j=1
∫
dx
[
:Jj · Jj : + :J¯j · J¯j :
]
, (50)
where :X: denotes the normal-ordered product of an op-
erator X, and Jj = (J
1
j , · · · , J8j ) and J¯j = (J¯1j , · · · , J¯8j )
stand for the right and left SU(3)1 currents in the or-
thonormal basis, respectively. This equivalence can be
expected from the fact that both a two-component free
boson and the SU(3)1 WZW CFT have the same cen-
tral charge c = 2. Introducing the complex coordinate
z = vτ+ ix and z¯ = vτ− ix, the currents Jj(z) and J¯j(z¯)
respectively satisfy the SU(3)1 current (or Kac-Moody)
algebra,
Jαj (z)J
β
j′(w) ∼ δjj′
[
δαβ
(z − w)2 +
∑
γ
ifαβγJ
γ
j (w)
z − w
]
,
J¯αj (z¯)J¯
β
j′(w¯) ∼ δjj′
[
δαβ
(z¯ − w¯)2 +
∑
γ
ifαβγ J¯
γ
j (w¯)
z¯ − w¯
]
,
(51)
where fαβγ is a structure constant. Here the sym-
bol ∼ means an equivalence relation in the sense of
operator-product expansion (OPE), namely the only sin-
gular terms are kept in the right-hand side. On the other
hand, the right and left current algebras are independent
of each other:
Jαj (z)J¯
β
j′(w¯) ∼ 0. (52)
Since the vectors ασ are roots of SU(3), the vertex op-
erators appearing in Eq. (47) can be regarded as SU(3)1
currents. By taking the Cartan currents to be
J3j (x) = ∂xχ˜
R
j,1(x), J
8
j (x) = ∂xχ˜
R
j,2(x), (53)
the explicit relations between the vertex operators and
the SU(3)1 currents are given by
J2±j (x) =
±i
xc
e±iα↑·χ˜
R
j (x), J3±j (x) =
±i
xc
e±iα↓·χ˜
R
j (x),
(54)
where
J2±j ≡
1√
2
(J4j ± iJ5j ), J3±j ≡
1√
2
(J6j ± iJ7j ). (55)
Here xc is a short-distance cutoff. The left currents J¯j
are obtained by replacing χ˜Rj with χ˜
L
j . In contrast to the
SU(2)1 current algebra, which appears in the construc-
tion of the Laughlin ν = 12 state [7], we need a special
care for the cocycle factor when we construct a faithful
vertex representation of the current algebra associated
with the higher-rank Lie algebra [46, 84–86]. The phase
factors appearing in Eq. (54) originate from our conven-
tion of the cocycle factor. In Appendix B, we explicitly
show that the coupled-wire construction yields a faith-
ful vertex representation of the SU(N)1 current algebra.
Then the interactions (47) can be expressed in terms of
the SU(3)1 currents as
Otj,↑ = x2cJ2+j J¯2−j+1,
Otj,↓ = x2cJ3+j J¯3−j+1.
(56)
Thus the interaction Hamiltonian (37) is given by
Hint = x2c
Nw−1∑
j=1
∫
dx
[
t↑
(
J4j J¯
4
j+1 + J
5
j J¯
5
j+1
)
+t↓
(
J6j J¯
6
j+1 + J
7
j J¯
7
j+1
)]
. (57)
C. Bulk quasiparticles and edge states
We now consider that the coupling constants tσ flow
to the strong coupling limit. As discussed in Ref. [7],
the quasiparticle excitations can be seen as the kinks of
the link fields θ˜j,σ in the Hamiltonian (44). Different
minima of the cosine potentials are connected via the
gauge transformation ϕj,σ → ϕj,σ+2pi. This is translated
into the creation of kinks for the link fields, θ˜j± 12 ,σ →
θ˜j± 12 ,σ ± pi. This jump of θ˜j+ 12 ,σ by pi corresponds to
the creation of a quasiparticle specified by σ at the link
j + 12 . From Eq. (17), the operators that transfer the
quasiparticles at x from the link j + 12 to j − 12 are the
2kF backscattering operators,
Bj,σ(x) = e
2iθj,σ(x). (58)
These operators are written in terms of the chiral fields
as
Bj,↑(x) = e
2i
3 φ˜
R
j,↑(x)− i3 φ˜Rj,↓(x)− 2i3 φ˜Lj,↑(x)+ i3 φ˜Lj,↓(x),
Bj,↓(x) = e−
i
3 φ˜
R
j,↑(x)+
2i
3 φ˜
R
j,↓(x)+
i
3 φ˜
L
j,↑(x)− 2i3 φ˜Lj,↓(x).
(59)
One may write these operators as
Bj,σ(x) = e
− ipi3 ΨR†
QP,j+ 12 ,σ
(x)ΨLQP,j− 12 ,σ(x), (60)
through quasiparticle operators defined by
ΨR†
QP,j+ 12 ,↑
(x) = e
2i
3 φ˜
R
j,↑(x)− i3 φ˜Rj,↓(x),
ΨR†
QP,j+ 12 ,↓
(x) = e−
i
3 φ˜
R
j,↑(x)+
2i
3 φ˜
R
j,↓(x),
ΨL†
QP,j+ 12 ,↑
(x) = e
2i
3 φ˜
L
j+1,↑(x)− i3 φ˜Lj+1,↓(x),
ΨL†
QP,j+ 12 ,↓
(x) = e−
i
3 φ˜
L
j+1,↑(x)+
2i
3 φ˜
L
j+1,↓(x),
(61)
which create the quasiparticles specified by σ at x on
the link j+ 12 . From this, we can read off the charges Q
σ
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associated with σ-spin boson for the two quasiparticles of
the Halperin (221) state, which are given by (Q↑, Q↓) =
( 23q,− 13q) and (− 13q, 23q) in the unit of q. Therefore, the
two quasiparticles have the same total charge Q↑+Q↓ =
1
3q while the opposite spins Q
↑ − Q↓ = ±q. These are
consistent with the quasiparticle charges computed from
the Chern-Simons theory with the K matrix (40).
If the bulk is gapped, there remain the unpaired gap-
less modes φ˜L1,σ at j = 1. The charge-q particle operators
at the edge are given by
ΨL†
q, 12 ,σ
(x) = eiφ˜
L
1,σ(x). (62)
These operators are nothing but the generators of the
SU(3)1 current algebra identified in Eq. (54). Corre-
sponding primary fields must be local with respect to
these operators, i.e. they must be single valued when
taken around the particle operators [1]. A set of such
fields that are independent under arbitrary actions of the
particle operators may be identified from the quasiparti-
cle operators (61) as 1 (identity), ΨL†
QP, 12 ,↑
, and ΨL
QP, 12 ,↑
.
[To be precise, these operators should be the left-right
product of the quasiparticle operators from the edges
j = 1 and Nw in order to satisfy the faithful operator al-
gebra of the SU(3)1 WZW CFT (see also the discussion
in Appendix E).] As we will discuss in the next section,
these fields are associated with a weight in the trivial,
fundamental, and conjugate representations of SU(3), re-
spectively. The number of the operators coincides with
the number of primary fields of the SU(3)1 current alge-
bra, and hence the ground-state degeneracy on a torus,
which is three, as computed from the determinant of the
K matrix (40).
IV. NON-ABELIAN SPIN-SINGLET FQH STATE
We next consider the bosonic NASS states at νtot =
2k/3 [47, 48]. These states are intimately related to
the chiral SU(3)k WZW CFT. In the coupled-wire con-
struction, they can be constructed by taking k copies of
the Halperin (221) state and by introducing interactions
among them. This exactly follows the manner of Ref. [7]
for the construction of a bosonic Read-Rezayi state from
k copies of the Laughlin ν = 12 state. We here mainly
discuss the simplest case of k = 2.
A. Interactions at νtot = 2k/3
Now a single wire is composed of k copies of the two-
component bosons labeled by σ =↑, ↓. The decoupled-
wire Hamiltonian is given by the Luttinger-liquid Hamil-
tonian in Eq. (15) with a = 1, · · · , k, and the bosonic
fields θj,σ,a and ϕj,σ,a obey the commutation relations
(17). We again consider the same forms of the inter-
wire correlated hoppings as given in Eq. (36), but now
each component of the boson also hops between different
copies:
Otj,↑,ab = ei[ϕj,↑,a−ϕj+1,↑,b+2(θj,↑,a+θj,↓,a+θj+1,↑,b)],
Otj,↓,ab = ei[ϕj,↓,a−ϕj+1,↓,b+2(θj,↓,a+θj+1,↑,b+θj+1,↓,b)].
(63)
We also consider the following intrawire interactions:
Ou,11j,ab = exp 2i(θj,↑,a − θj,↑,b),
Ou,12j,ab = exp i[ϕj,↑,a − ϕj,↑,b − ϕj,↓,a + ϕj,↓,b
+ 2(θj,↑,a − θj,↑,b + θj,↓,a − θj,↓,b)],
Ou,13j,ab = exp i(ϕj,↑,a − ϕj,↑,b),
Ou,21j,ab = exp i(−ϕj,↑,a + ϕj,↑,b + ϕj,↓,a − ϕj,↓,b),
Ou,22j,ab = exp 2i(θj,↓,a − θj,↓,b),
Ou,23j,ab = exp i[ϕj,↓,a − ϕj,↓,b − 2(θj,↑,a − θj,↑,b)],
Ou,31j,ab = exp i[−ϕj,↑,a + ϕj,↑,b − 2(θj,↑,a − θj,↓,b)],
Ou,32j,ab = exp i[−ϕj,↓,a + ϕj,↓,b],
Ou,33j,ab = exp 2i(−θj,↑,a + θj,↑,b − θj,↓,a + θj,↓,b).
(64)
These interactions satisfy the particle and momentum
conservations. Then the full interaction Hamiltonian is
given by
Hint =
∫
dx
Nw−1∑
j=1
∑
σ=↑,↓
k∑
a,b=1
tσ,abOtj,σ,ab(x)
+
1
2
Nw∑
j=1
∑
a<b
3∑
s,s′=1
uss
′
ab Ou,ss
′
j,ab (x) + H.c.
 . (65)
Similarly to the previous section, we introduce the chiral
fields for each copy,
χ˜pj,1,a =
1√
2
(φ˜pj,↑,a − φ˜pj,↓,a),
χ˜pj,2,a =
1√
6
(φ˜pj,↑,a + φ˜
p
j,↓,a),
(66)
through
φ˜Rj,↑,a = ϕj,↑,a + 2(θj,↑,a + θj,↓,a),
φ˜Rj,↓,a = ϕj,↓,a + 2θj,↓,a,
φ˜Lj,↑,a = ϕj,↑,a − 2θj,↑,a,
φ˜Lj,↓,a = ϕj,↓,a − 2(θj,↑,a + θj,↓,a).
(67)
They obey the commutation relations,
[∂xχ˜
p
j,l,a(x), χ˜
p′
j′,l′,a′(x
′)] = 2ippiδpp′δjj′δll′δaa′δ(x− x′).
(68)
In terms of these bosonic fields, the interactions are ex-
pressed as
Otj,σ,ab = eiασ·χ˜
R
j,a−iασ·χ˜Lj+1,b (69)
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FIG. 2. Weight diagram of SU(3). The red solid arrows repre-
sent the weight vectors ωs in the fundamental representation.
The blue solid arrows represent the root vectors ασ.
and
Ou,ss′j,ab = eiωs·(χ˜
R
j,a−χ˜Rj,b)−iωs′ ·(χ˜Lj,a−χ˜Lj,b), (70)
where ασ are the roots of SU(3) given in Eq. (48), ωs
are vectors given by
ω1 =
(
1√
2
, 1√
6
)
,
ω2 =
(
− 1√
2
, 1√
6
)
,
ω3 =
(
0, −
√
2
3
)
,
(71)
and χ˜pj,a = (χ˜
p
j,1,a, χ˜
p
j,2,a). The vectors ωs form the fun-
damental representation of SU(3), as depicted on the
weight diagram of SU(3) in Fig. 2.
If one assumes that each copy of the coupled-wire sys-
tem independently forms the Halperin (221) state, we
have a simple physical understanding of these interac-
tions in terms of excitations of the Halperin state. The
interwire interactions (69) are now understood as tun-
nelings of the charge-q particle excitations between the
k copies. On the other hand, the intrawire interactions
(70) are interactions among nontrivial quasiparticle exci-
tations from different copies, as the quasiparticle opera-
tors in Sec. III C are written as
ΨR†
QP,j+ 12 ,σ
= eiωσ·χ˜
R
j , ΨL†
QP,j− 12 ,σ
= eiωσ·χ˜
L
j , (72)
where ω↑ = ω1 and ω↓ = ω2. Equation (70) gives the
most natural interactions among the quasiparticles that
manifestly preserve the particle and momentum conser-
vations.
For a general form of the Hamiltonian H = HSLL +
Hint, it is practically hard to see how these interactions
generate a gap. Therefore, in the following, we will con-
centrate on a special case in which we can translate the
Hamiltonian in the language of certain CFTs. In that
case, we can show that the resulting ground state has the
same topological properties as those of the NASS state
at νtot = 2k/(2km+ 3) with m = 0 [47, 48].
B. SU(3)k currents
We first suppose that the SLL Hamiltonian takes the
following form,
HSLL = v
4pi
Nw∑
j=1
k∑
a=1
∫
dx
[
(∂xχ˜
R
j,a)
2 + (∂xχ˜
L
j,a)
2
]
. (73)
As in Sec. III B, by introducing the right and left SU(3)1
currents for each copy, the SLL Hamiltonian is written
as
HSLL = v
16pi
Nw∑
j=1
k∑
a=1
∫
dx
[
:Jj,a · Jj,a: + :J¯j,a · J¯j,a:
]
,
(74)
where Jj,a = (J
1
j,a, · · · , J8j,a) and J¯j,a = (J¯1j,a, · · · , J¯8j,a).
They satisfy the SU(3)1 current algebra,
Jαj,a(z)J
β
j′,b(w) ∼ δjj′δab
[
δαβ
(z − w)2 +
∑
γ
ifαβγJ
γ
j,a(w)
z − w
]
,
J¯αj,a(z¯)J¯
β
j′,b(w¯) ∼ δjj′δab
[
δαβ
(z¯ − w¯)2 +
∑
γ
ifαβγ J¯
γ
j,a(w¯)
z¯ − w¯
]
.
(75)
Equation (74) nothing but represents kNw copies of the
SU(3)1 WZW CFT.
In a spirit of Ref. [7], we employ the coset construction
[46] to decompose the k copies of the SU(3)1 WZW CFT
[SU(3)1]
k in each wire as
[SU(3)1]
k ∼ SU(3)k × [SU(3)1]
k
SU(3)k
. (76)
For the later purpose, we further write this as
[SU(3)1]
k ∼ [U(1)]2 × SU(3)k
[U(1)]2
× SU(k)3
[U(1)]k−1
. (77)
Here the SU(3)k WZW CFT is further decomposed into
two CFTs: [U(1)]2 and SU(3)k/[U(1)]
2. The CFT
[U(1)]2 represents two free boson CFTs with c = 2,
which correspond to the two charge modes of the m = 0
NASS state. The coset CFT SU(3)k/[U(1)]
2 is a Gepner
parafermion CFT [52] with central charge,
c =
6(k − 1)
k + 3
. (78)
The residual coset CFT [SU(3)1]
k/SU(3)k is equiva-
lent to the Gepner parafermion CFT SU(k)3/[U(1)]
k−1,
whose central charge is
c =
2k(k − 1)
k + 3
. (79)
The conformal embedding (77) is demonstrated in Ap-
pendix C by directly decomposing the energy-momentum
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FIG. 3. Schematic view of the construction of a non-Abelian
SU(2)-singlet FQH state for k = 2. The left and right
[SU(3)1]
2 CFTs from each wire are decomposed into the two
sectors [U(1)]2 × SU(3)2/[U(1)]2 and [SU(3)1]2/SU(3)2 ∼
SU(2)3/U(1). The interwire interactions Otj,σ,ab open a gap
in the former sector, leaving unpaired chiral gapless modes at
the edges, while the intrawire interactions Ou,ss′j,12 open a gap
in the latter sector.
tensor corresponding to the SLL Hamiltonian (73) via
the vertex representation. Although the last two coset
CFTs in Eq. (77) are both charge neutral, the only
SU(3)k/[U(1)]
2 CFT actually appears as the neutral
mode of the m = 0 NASS state. Then our task is to show
that the [U(1)]2 and SU(3)k/[U(1)]
2 sectors are gapped
by the interwire interaction, while the SU(k)3/[U(1)]
k−1
sector is gapped by the intrawire interaction, as schemat-
ically shown in Fig. 3 for k = 2. These interactions leave
gapless edge modes described by the chiral SU(3)k WZW
CFTs at the outermost wires j = 1 and Nw.
The interwire interactions (69) are easily identified as
products of the SU(3)k currents, when the coupling con-
stants are identical for all possible pairs among the k
copies. Indeed, if tσ,ab ≡ tσ, one can write
t↑
k∑
a,b=1
Otj,↑,ab = t↑x2c
k∑
a=1
J2+j,a
k∑
b=1
J¯2−j+1,b,
t↓
k∑
a,b=1
Otj,↓,ab = t↓x2c
k∑
a=1
J3+j,a
k∑
b=1
J¯3−j+1,b,
(80)
where we have used Eq. (54) for each copy. This can be
rewritten by the SU(3)k currents,
J αj =
k∑
a=1
Jαj,a, J¯ αj =
k∑
a=1
J¯αj,a, (81)
which satisfy the SU(3)k current algebra,
J αj (z)J βj′ (w) ∼ δjj′
[
kδαβ
(z − w)2 +
∑
γ
ifαβγJ γj (w)
z − w
]
,
J¯ αj (z¯)J¯ βj′ (w¯) ∼ δjj′
[
kδαβ
(z¯ − w¯)2 +
∑
γ
ifαβγJ¯ γj (w¯)
z¯ − w¯
]
.
(82)
Then we have
t↑
k∑
a,b=1
Otj,↑,ab + H.c. = t↑x2c
(J 4j J¯ 4j+1 + J 5j J¯ 5j+1) ,
t↓
k∑
a,b=1
Otj,↓,ab + H.c. = t↓x2c
(J 6j J¯ 6j+1 + J 7j J¯ 7j+1) .
(83)
Thus these interactions obviously act on the nonchiral
SU(3)k WZW CFTs consisting of neighboring wires.
C. Parafermions for k = 2
If the coupling constants are fine tuned, the intrawire
interactions in Eq. (65) can be identified as products of
SU(k)3/[U(1)]
k−1 parafermionic fields, or equivalently
products of SU(3)1 WZW primary fields, with confor-
mal weight 2/3. For later convenience, we also show
that the interwire interactions in Eq. (83) are further
written in terms of products of [U(1)]2 vertex operators
and SU(3)k/[U(1)]
2 parafermionic fields, whose confor-
mal weights are 1/k and 1 − 1/k, respectively. This
manifests the conformal embedding SU(3)k ∼ [U(1)]2 ×
SU(3)k/[U(1)]
2. In the following, we focus on the case
of k = 2, for which we can apply a powerful result from
integrable field theory to prove the existence of bulk gap.
The case for k ≥ 3 will be discussed in Sec. V along with
the (N−1)-component generalization of the NASS state.
Let us introduce two charge fields and two neutral
fields for each wire and each chiral sector by
X˜pj,l =
1√
2
(
χ˜pj,l,1 + χ˜
p
j,l,2
)
,
Y˜ pj,l =
1√
2
(
χ˜pj,l,1 − χ˜pj,l,2
)
,
(84)
which satisfy the commutation relations,
[∂xX˜
p
j,l(x), X˜
p′
j′,l′(x
′)] = 2ippiδpp′δjj′δll′δ(x− x′),
[∂xY˜
p
j,l(x), Y˜
p′
j′,l′(x
′)] = 2ippiδpp′δjj′δll′δ(x− x′),
[∂xX˜
p
j,l(x), Y˜
p′
j′,l′(x
′)] = 0.
(85)
The SLL Hamiltonian (73) then becomes
HSLL = v
4pi
Nw∑
j=1
∫
dx
[
(∂xX˜
R
j )
2 + (∂xX˜
L
j )
2
+(∂xY˜
R
j )
2 + (∂xY˜
L
j )
2
]
, (86)
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where X˜pj = (X˜
p
j,1, X˜
p
j,2) and Y˜
p
j = (Y˜
p
j,1, Y˜
p
j,2). Using
Eqs. (54) and (81), we find for the right SU(3)2 currents,
J 2±j (x) =
√
2e±
ipi
4√
xc
e
± i√
2
α↑·X˜Rj (x)Ψ±α↑,1j (x),
J 3±j (x) =
√
2e±
ipi
4√
xc
e
± i√
2
α↓·X˜Rj (x)Ψ±α↓,1j (x).
(87)
Here Ψα,Ij is the SU(3)2/[U(1)]
2 parafermionic field as-
sociated with a root α of SU(3) and the I-th antisym-
metric representation of SU(2). SU(2) only has a trivial
antisymmetric representation with a single box (I = 1) in
Young tableau, in which there are only two weights ± 1√
2
.
The parafermionic field Ψα,1j has conformal weight
1
2 and
has an obvious vertex representation [87],
Ψ±ασ,1j (x) =
√
2e±
ipi
4√
xc
cos
(
ασ · Y˜Rj (x)√
2
)
. (88)
Since we still need some care about the “parafermionic
cocycles”, the details about this identification are given
in Appendix D. Similarly for the left SU(3)2 currents,
one can find
J¯ 2±j (x) =
√
2e±
ipi
4√
xc
e
± i√
2
α↑·X˜Lj (x)Ψ¯±α↑,1j (x),
J¯ 3±j (x) =
√
2e±
ipi
4√
xc
e
± i√
2
α↓·X˜Lj (x)Ψ¯±α↓,1j (x),
(89)
with
Ψ¯±ασ,1j (x) =
√
2e±
ipi
4√
xc
cos
(
ασ · Y˜Lj (x)√
2
)
. (90)
Once the charge modes X˜pj are gapped, we can focus
only on the neutral sector. In this case, the interwire
interaction (83) may become
tσ
2∑
a,b=1
Otj,σ,ab ∝ tσΨασ,1†j Ψ¯ασ,1j+1 . (91)
This is a clear manifestation of the level-rank duality
between the SU(2)3 and SU(3)2 WZW CFTs [46], by
which the SU(3)2/[U(1)]
2 parafermionic fields in the in-
trawire interaction for the k = 3 Read-Rezayi state [7]
appear in the interwire interaction for the k = 2 NASS
state. As seen below, this duality in fact exchanges the
neutral sectors of the interwire and intrawire interactions
between these two non-Abelian FQH states. Hence the
SU(2)3/U(1) parafermionic fields in the interwire inter-
action for the Read-Rezayi state now appear in the in-
trawire interaction for the NASS state.
The intrawire interactions (70) are now written as
Ou,ss′j,12 = ei
√
2ωs·Y˜Rj −i
√
2ωs′ ·Y˜Lj . (92)
As we have mentioned, the vectors ωs are weights in the
fundamental representation of SU(3). If all the coupling
constants are identical, that is uss
′
12 ≡ u, we can express
the interaction as (see Appendix E)
3∑
s,s′=1
Ou,ss′j,12 = e−
2ipi
3 x
4
3
c Ξ
√
2
j Ξ¯
√
2†
j , (93)
where Ξ
√
2
j is an SU(2)3/U(1) primary field in the holo-
morphic sector with conformal weight 23 and Ξ¯
√
2
j is its
antiholomorphic counterpart. It may appear that from
their conformal weights, each chiral primary field coin-
cides with the parafermionic field of the SU(2)3/U(1) ∼
Z3 CFT [39]. However, as discussed in Appendix E,
only their nonchiral product Υ
√
2,1
j ≡ Ξ
√
2
j Ξ¯
√
2†
j be-
haves as the Z3 parafermionic field generating the correct
parafermionic algebra. The interaction (93) has scaling
dimension 43 and acts only on the residual nonchiral Z3
coset CFT in each wire.
One may naively expect that since the interaction (93)
is relevant, it immediately gaps out the Z3 sector in
each wire. However, an important remark is in order.
Since the interaction (93) is now identified as the Z3
parafermionic field, we can import the knowledge from
an integrable deformation of the Z3 parafermion theory
given by Fateev and Zamolodchikov [88, 89]. It is known
that a non-perturbative mass gap is generated only when
its coupling constant is negative, while a positive coupling
constant induces a massless flow to the tricritical Ising
CFT M4. Therefore, if uss′12 = u < 0 and they become
relevant, the interactions open a bulk gap but leave gap-
less edge modes described by the chiral SU(3)2 WZW
CFT. This is a strong signature of the NASS state with
k = 2 and m = 0 [47, 48].
D. Bulk quasiparticles
We continue to focus on the case for k = 2. We here
consider the quasiparticle excitations of the k = 2 NASS
state. As suggested in Ref. [7], we consider the 2kF
backscattering operators given by
Bj,σ,a(x) = e
2iθj,σ,a(x). (94)
In terms of the chiral fields, they are written as
Bj,σ,1 = e
i√
2
ωσ·(X˜Rj −X˜Lj )e
i√
2
ωσ·(Y˜Rj −Y˜Lj ),
Bj,σ,2 = e
i√
2
ωσ·(X˜Rj −X˜Lj )e−
i√
2
ωσ·(Y˜Rj −Y˜Lj ).
(95)
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Then we may define the quasiparticle operators as
ΨR†
QP,j+ 12 ,σ,1
= e
i√
2
ωσ·X˜Rj ΣR†j,σ,
ΨR†
QP,j+ 12 ,σ,2
= e
i√
2
ωσ·X˜Rj ΣRj,σ,
ΨL†
QP,j+ 12 ,σ,1
= e
i√
2
ωσ·X˜Lj+1ΣL†j+1,σ,
ΨL†
QP,j+ 12 ,σ,2
= e
i√
2
ωσ·X˜Lj+1ΣLj+1,σ,
(96)
where
Σ
R/L†
j,σ = e
i√
2
ωσ·Y˜R/Lj . (97)
They create quasiparticles with total charge 13q and spins±q, and thus have the same actions on the charge part as
those of the quasiparticles of the Halperin (221) state (see
Sec. III C). However, their actions on the neutral part are
highly nontrivial, since we have to consider the situation
in which both interwire and intrawire interactions flow to
the strong-coupling limit. In the following, we consider
the neutral part of the quasiparticle operators Σ
R/L
j,σ when
the intrawire interaction opens a gap.
Supposing that the charge modes are gapped, we focus
only on the neutral part of a single-wire Hamiltonian
Hj = v
4pi
∫
dx
[
(∂xY˜
R
j )
2 + (∂xY˜
L
j )
2
]
+
∫
dx V[Y˜R/Lj ],
(98)
where the intrawire interaction is given by
V[Y˜R/Lj ] =
1
2
3∑
s,s′=1
uss
′Ou,ss′j,12 + H.c.
=
3∑
s,s′=1
uss
′
cos
[√
2(ωs · Y˜Rj − ωs′ · Y˜Lj )
]
.
(99)
To investigate the ground state of this Hamiltonian, it is
convenient to introduce the nonchiral fields,
Φ˜l,j =
1
2
(Y˜ Rl,j + Y˜
L
l,j),
Θ˜l,j =
1
2
(Y˜ Rl,j − Y˜ Ll,j),
(100)
which satisfy
[∂xΘ˜j,l(x), Φ˜j′,l′(x
′)] = ipiδjj′δll′δ(x− x′). (101)
Then the interaction (99) is written as
V[Φ˜j , Θ˜j ]
=
3∑
s=1
uss cos(2
√
2ωs · Θ˜j)
+
∑
s6=s′
uss
′
cos
√
2
[
(ωs − ωs′) · Φ˜j + (ωs + ωs′) · Θ˜j
]
.
(102)
FIG. 4. Minima of the cosine potential (103) are indicated by
the black dots on the (Θ˜1, Θ˜2) plane scaled by
√
2/pi. Different
symbols enclosing the dots represent four independent minima
within the compactification radii of Θ˜. The two vectors α↑,↓
are roots of SU(3) [see Eq. (48)].
TABLE II. Expectation values of Σnj,σ in the four independent
minima of the cosine potential (103).
Θ˜1,j Θ˜2,j 〈Σnj,↑〉 〈Σnj,↓〉
0 0 1 1
pi 0 −1 −1
pi
2
√
3pi
2
−1 1
3pi
2
√
3pi
2
1 −1
This Hamiltonian may be interpreted as a statistical me-
chanical model with Z2 × Z2 symmetry as follows. Let
us first assume that uss ≡ u < 0 and uss′ = 0 for s 6= s′.
Then the fields Θ˜j may be pinned at the minima of the
cosine potential (dropping the wire index j),
− cos
(
2Θ˜1 +
2Θ˜2√
3
)
− cos
(
2Θ˜1 − 2Θ˜2√
3
)
− cos
(
4Θ˜2√
3
)
.
(103)
The minima form a triangular lattice with lattice con-
stant pi as depicted in Fig. 4. Although the corresponding
ground state seems to be infinitely degenerate, the degen-
eracy is actually lifted by the compactification conditions
originally imposed for the bosonic fields Θ˜j . Finite cou-
pling constants uss
′
for s 6= s′ dynamically resume the
compactification of Θ˜j , as the operator e
i
√
2α·Φ˜j creates
the kink Θ˜j → Θ˜j+pi
√
2α, where α = ωs−ωs′ and α is
a root of SU(3). Therefore, the only minima within the
unit cell of a larger triangular lattice with lattice constant
2pi become independent, and the resulting ground-state
degeneracy is four. The nonchiral products of the neutral
parts of the quasiparticle operators take the form,
Σnj,σ ≡ e−
ipi
6 ΣR†j,σΣ
L
j,σ = e
i
√
2ωσ·Θ˜j , (104)
and acquire finite expectation values in each of the four
potential minima as shown in Table. II. These operators
appear to behave as two Ising order parameters detecting
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a Z2 × Z2 symmetry breaking. As discussed in detail in
Sec. V C, the Z2×Z2 symmetry is actually the symmetry
of the SU(3)2/[U(1)]
2 parafermion CFT [87], and there-
fore the operators Σnj,σ will be regarded as spin fields of
the corresponding nonchiral CFT. Thus the neutral parts
of the backscattering operators Σ
R/L
j,σ may be seen as spin
fields of the chiral parafermion CFTs once the Hamilto-
nian is gapped by the intrawire interactions. Such spin
fields, combined with the charge part, actually constitute
quasihole operators inserted to the trial wave functions
of the m = 0 NASS states [48].
V. ABELIAN AND NON-ABELIAN
SU(N − 1)-SINGLET FQH STATES
In this section, we give a general construction of
Abelian and non-Abelian SU(N −1)-singlet FQH states.
The Abelian SU(N−1)-singlet FQH state is described by
the wave function (1) with the K matrix given in Eq. (3).
It is nothing but an (N − 1)-component analogue of the
ν = 12 Laughlin state for N = 2 and the Halperin (221)
state [40] for N = 3 at filling fraction νtot = (N − 1)/N .
Such a FQH state has gapless edge modes described by
the chiral SU(N)1 WZW CFT.
The non-Abelian SU(N − 1)-singlet FQH state that
we construct here is obtained by symmetrizing k copies
of the above Abelian FQH state. This is a generalization
of a bosonic Read-Rezayi state [38] for N = 2 and a
bosonic NASS state [47, 48] for N = 3 to the (N − 1)-
component case. It is realized at filling fraction νtot =
k(N−1)/N and has gapless edge modes described by the
chiral SU(N)k WZW CFT.
The following argument is in the same line as the pre-
vious two sections. However, we proceed in a more ab-
stract fashion by largely relying on the SU(N)-algebraic
structure of the SU(N − 1)-singlet FQH states.
A. Abelian SU(N − 1)-singlet FQH state
1. Interactions at νtot = (N − 1)/N
We start from the array of wires with (N − 1)-
component bosons, each of which has a single channel
and filling factor ν = 1/N . Hence, we drop the channel
index a for a moment. We then consider the interaction
Hamiltonian,
Hint =
Nw−1∑
j=1
N−1∑
σ=1
∫
dx
[
tσOtj,σ(x) + H.c.
]
, (105)
with the interwire correlated hoppings,
Otj,σ = ei[ϕj,σ−ϕj+1,σ+
∑
σ′(Mσσ′θj,σ′+M¯σσ′θj+1,σ′)], (106)
where M and M¯ are (N − 1)× (N − 1) integer matrices.
Since the interactions must be built from bosonic oper-
ators, we require that the entries of these matrices are
even integers (this condition may be relaxed as discussed
in Sec. VII A). From the momentum conservation (32),
they must satisfy
N−1∑
σ′=1
(
Mσσ′ + M¯σσ′
)
= 2N, (107)
for any σ. By introducing the 2(N − 1) chiral bosonic
fields for each wire as
φ˜Rj,σ = ϕj,σ +
N−1∑
σ′=1
Mσσ′θj,σ′ ,
φ˜Lj,σ = ϕj,σ −
N−1∑
σ′=1
M¯σσ′θj,σ′ ,
(108)
the interactions (106) are written as
Otj,σ = ei(φ˜
R
j,σ−φ˜Lj+1,σ). (109)
These chiral bosonic fields satisfy the commutation rela-
tions,
[∂xφ˜
R
j,σ(x), φ˜
R
j′,σ′(x
′)] = 2ipiδjj′Kσσ′δ(x− x′),
[∂xφ˜
L
j,σ(x), φ˜
L
j′,σ′(x
′)] = −2ipiδjj′K¯σσ′δ(x− x′),
(110)
where
K =
1
2
(M + MT ), K¯ =
1
2
(M¯ + M¯T ). (111)
The Haldane’s null vector condition [80] requires that
M = M¯T . (112)
This indicates that K = K¯ and commutators vanish be-
tween different chiral fields,
[∂xφ˜
R
j,σ(x), φ˜
L
j′,σ′(x
′)] = 0. (113)
We can find the matrix M satisfying Eq. (107) and giving
K = KSU(N) [KSU(N) is defined in Eq. (3)]; for exam-
ple, the upper (or lower) triangular matrix whose allowed
nonzero entries are two,
M =

2 2 · · · 2 2
0 2 2 2
...
. . .
...
0 0 2 2
0 0 · · · 0 2
 , (114)
is in the desired form. We hereafter call the matrix M
as the interaction matrix. Then we introduce dual fields
associated with the link between j and j + 1 by
θ˜j+ 12 ,σ =
1
2
(φ˜Rj,σ − φ˜Lj+1,σ),
ϕ˜j+ 12 ,σ =
1
2
(φ˜Rj,σ + φ˜
L
j+1,σ),
(115)
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which satisfy the commutation relations,
[∂xθ˜`,σ(x), ϕ˜`′,σ′(x
′)] = ipiKσσ′δ``′δ(x− x′),
[∂xθ˜`,σ(x), θ˜`′,σ′(x
′)] = [∂xϕ˜`,σ(x), ϕ˜`′,σ′(x′)] = 0.
(116)
The interactions (105) take the following form,
Hint =
Nw−1∑
j=1
N−1∑
σ=1
∫
dx 2tσ cos(2θ˜j+ 12 ,σ). (117)
If the coupling constants tσ flow to the strong-coupling
limit under the renormalization group transformation,
the system will acquire the bulk gap. Indeed, all the
fields θ˜`,σ can be simultaneously pinned at minima of the
cosine potentials and individually acquire a gap, while
unpaired chiral Luttinger liquids are left at the outer-
most wires.
2. SU(N)1 currents
In order to extend the Abelian SU(N−1)-singlet FQH
states to non-Abelian FQH states and also apply them to
chiral spin liquids (see Sec. VII B), we here unveil their
connection with the current algebra of the underlying
SU(N)1 WZW CFT. To this end, we further introduce
a linear transformation of the chiral bosonic fields (108)
by
χ˜pj,l =
N−1∑
σ=1
ωlσφ˜
p
j,σ, (118)
such that they satisfy the commutation relations,
[∂xχ˜
p
j,l(x), χ˜
p′
j′,l′(x
′)] = 2ippiδpp′δjj′δll′δ(x− x′). (119)
Such a transformation is easily found by interpreting the
matrix KSU(N) as a Gram matrix constructed from the
scalar products of N − 1 basis vectors ασ [71],
(KSU(N))σσ′ =
N−1∑
l=1
αlσα
l
σ′ . (120)
In fact, the vectors ασ are positive (or negative) roots of
SU(N), which are not simple roots but still form prim-
itive vectors of the SU(N) root lattice. The vectors ωσ
in Eq. (118) are chosen to be the vectors dual to ασ,
ωlσ =
N−1∑
σ′=1
(K−1SU(N))σσ′α
l
σ′ . (121)
These vectors are weights of the fundamental representa-
tion of SU(N) and form primitive vectors of the SU(N)
weight lattice. The vectors ασ and ωσ satisfy the follow-
ing relations,
N−1∑
l=1
ωlσω
l
σ′ = (K
−1
SU(N))σσ′ , (122a)
N−1∑
l=1
αlσω
l
σ′ = δσσ′ , (122b)
N−1∑
σ=1
αlσω
l′
σ = δll′ . (122c)
Using the transformation (118), the interwire interac-
tions (109) are expressed as
Otj,σ = eiασ·χ˜
R
j −iασ·χ˜Lj+1 , (123)
where χ˜pj = (χ˜
p
j,1, · · · , χ˜pj,N−1).
For instance, the vectors ασ and ωσ for N = 4 are
given by
α1 =
(
1√
2
, 1√
6
, 2√
3
)
,
α2 =
(
− 1√
2
, 1√
6
, 2√
3
)
,
α3 =
(
0, −
√
2
3 ,
2√
3
)
,
(124)
and
ω1 =
(
1√
2
, 1√
6
, 1
2
√
3
)
.
ω2 =
(
− 1√
2
, 1√
6
, 1
2
√
3
)
,
ω3 =
(
0, −
√
2
3 ,
1
2
√
3
)
,
(125)
These vectors are displayed on the weight diagram of
SU(4) in Fig. 5. We note that the choice of {ασ,ωσ}
is generally not unique. The above choice is made just
for our convenience; if we assign the same charge q for
each component of boson, only the field χ˜pj,N−1 carries
charge while the others only carry “spins”—differences
of the charges of different components. Details about
our convention are provided in Appendix A.
Suppose that the SLL Hamiltonian is appropriately
tuned to be diagonal with the chiral bosonic fields:
HSLL =
Nw∑
j=1
v
4pi
∫
dx
[
(∂xχ˜
R
j )
2 + (∂xχ˜
L
j )
2
]
. (126)
This free-boson Hamiltonian of each wire is equivalent to
the Hamiltonian of the SU(N)1 WZW CFT. Choosing
the Cartan-Weyl basis, this can be written in the Sug-
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FIG. 5. Weight diagram of SU(4). The red solid arrows
represent the weight vectors ωσ. Combined with ω4 =
−ω1 − ω2 − ω3, they form the weights of the fundamental
representation of SU(4). The blue solid arrows represent the
root vectors ασ.
awara form,
HSLL = v
4pi(N + 1)
Nw∑
j=1
∫
dx
×
[
N−1∑
l=1
:H ljH
l
j : +
∑
α∈∆N
:Eαj E
−α
j :
+
N−1∑
l=1
:H¯ ljH¯
l
j : +
∑
α∈∆N
:E¯αj E¯
−α
j :
]
, (127)
where H lj and E
α
j are the SU(N)1 currents for the right-
moving mode, H¯ lj and E¯
α
j are those for the left-moving
mode, and ∆N denotes the set of all roots of SU(N). H
l
j
and Eαj satisfy the SU(N)1 current algebra,
H lj(z)H
l′
j′(w) ∼
δjj′δll′
(z − w)2 , (128)
H lj(z)E
α
j′ (w) ∼
δjj′α
lEαj (w)
z − w , (129)
and
Eαj (z)E
β
j′(w)
∼

δjj′
[
1
(z − w)2 +
∑
l α
lH lj(w)
z − w
]
(α · β = −2)
δjj′(α,β)E
α+β
j (w)
z − w (α · β = −1)
0 (otherwise)
(130)
where (α,β) = ±1. Similar relations hold for H¯ lj and
E¯αj , while the left and right currents are independent
of each other. In terms of the chiral fields χ˜
R/L
j , the
SU(N)1 currents are given by (see Appendix B)
H lj(x) = ∂xχ˜
R
j,l(x), H¯
l
j(x) = ∂xχ˜
L
j,l(x), (131)
and
E±αj (x) =
±i
xc
e±iα·χ˜
R
j (x), E¯±αj (x) =
±i
xc
e±iα·χ˜
L(x),
(132)
for positive roots α. Thus the interwire interaction (106)
is further written in terms of the SU(N)1 currents as
Otj,σ = x2cEασj E¯−ασj+1 . (133)
Then the interaction Hamiltonian (105) becomes
Hint =
Nw−1∑
j=1
N−1∑
σ=1
∫
dx tσx
2
c
(
Eασj E¯
−ασ
j+1 + E
−ασ
j E¯
ασ
j+1
)
.
(134)
Since ασ are primitive vectors of the SU(N) root lattice,
this interaction is sufficient to produce a bulk gap, while
gapless edge states described by the chiral SU(N)1 WZW
CFT are left at the outermost wires j = 1 and Nw.
B. Non-Abelian SU(N − 1)-singlet FQH state
1. Interactions at νtot = k(N − 1)/N
We next consider the coupled-wire construction of a
bosonic non-Abelian SU(N − 1)-singlet FQH state that
has gapless edge states described by the chiral SU(N)k
WZW CFT. Following a similar strategy to that for the
m = 0 NASS state in Sec. IV, we introduce k channels to
each (N−1)-component bosonic wires and consider filling
fraction νtot = k(N −1)/N . The bosonic fields θj,σ,a and
ϕj,σ,a obey the commutation relations in Eq. (17). For
the correlated hoppings between neighboring wires, we
assume the following form:
Otj,σ,ab = exp i
[
ϕj,σ,a − ϕj+1,σ,b
+
N−1∑
σ′=1
(
Mσσ′θj,σ,a +M
T
σσ′θj+1,σ′,b
)]
, (135)
where M is an even-integer interaction matrix satisfying
1
2 (M + M
T ) = KSU(N). By introducing the chiral fields,
φ˜Rj,σ,a = ϕj,σ,a +
N−1∑
σ′=1
Mσσ′θj,σ′,a,
φ˜Lj,σ,a = ϕj,σ,a −
N−1∑
σ′=1
MTσσ′θj,σ′,a,
(136)
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and then defining,
χ˜pj,l,a =
N−1∑
σ=1
ωlσφ˜
p
j,σ,a, (137)
with the weight vectors ωσ given in Eq. (121), the inter-
wire interactions (135) are written as
Otj,σ,ab = eiασ·χ˜
R
j,a−iασ·χ˜Lj+1,b , (138)
where the root vectors ασ are again defined by Eq. (120)
and χ˜pj,a = (χ˜
p
j,1,a, · · · , χ˜pj,N−1,a). As discussed for N =
3, these interactions are tunnelings of charge-q particle
excitations between the Abelian SU(N−1)-singlet states.
The chiral fields (137) satisfy the commutation relations,
[∂xχ˜
p
j,l,a(x), χ˜
p′
j′,l′,a′(x
′)] = 2ippiδpp′δjj′δll′δaa′δ(x− x′).
(139)
Let us suppose that the SLL Hamiltonian is of the
form,
HSLL =
Nw∑
j=1
k∑
a=1
v
4pi
∫
dx
[
(∂xχ˜
R
j,a)
2 + (∂xχ˜
L
j,a)
2
]
.
(140)
As discussed in Sec. V A 2, this is the vertex representa-
tion of the kNw copies of the SU(N)1 WZW CFT. For
each wire, we adopt the following conformal embedding,
[SU(N)1]
k ∼ [U(1)]N−1 × SU(N)k
[U(1)]N−1
× SU(k)N
[U(1)]k−1
,
(141)
where we have used the equivalence of two coset CFTs
[SU(N)1]
k/SU(N)k and SU(k)N/[U(1)]
k−1. This can
be understood by checking that the energy-momentum
tensor corresponding to [SU(N)1]
k is written as a sum
of the energy-momentum tensors of the CFTs in r.h.s of
Eq. (141) (see Appendix C). The CFT [U(1)]N−1 repre-
sentsN−1 free bosons corresponding to the charge modes
of the non-Abelian SU(N − 1)-singlet FQH state. The
coset CFT SU(N)k/[U(1)]
N−1 is a Gepner parafermion
CFT with central charge [52],
c =
N(N − 1)(k − 1)
k +N
, (142)
which corresponds to the neutral mode of the non-
Abelian SU(N − 1)-singlet state. The remaining coset
CFT SU(k)N/[U(1)]
k−1 is also a Gepner parafermion
CFT with
c =
(N − 1)k(k − 1)
k +N
, (143)
but it does not enter the topological property of the re-
sulting non-Abelian state. Then we consider the interac-
FIG. 6. Schematic view of the construction of a non-Abelian
SU(N − 1)-singlet FQH state. The left and right [SU(N)1]k
CFTs from each wire are decomposed into the two sec-
tors [U(1)]N−1×SU(N)k/[U(1)]N−1 and SU(N)k/[U(1)]k−1,
which are respectively gapped by the interwire interactions
Otj,σ,ab and the intrawire interactions Ou,ss
′
j,ab , leaving unpaired
chiral gapless modes at the edges.
tion Hamiltonian,
Hint =
∫
dx
Nw−1∑
j=1
N−1∑
σ=1
k∑
a,b=1
tσ,abOtj,σ,ab(x)
+
1
2
Nw∑
j=1
N∑
s,s′=1
∑
a<b
uss
′
ab Ou,ss
′
j,ab (x) + H.c.
 . (144)
The interwire interaction Otj,σ,ab is the correlated hop-
ping given in Eq. (138) and is expected to open a gap in
the sector SU(N)k ∼ [U(1)]N−1 × SU(N)k/[U(1)]N−1.
The intrawire interactionOu,ss′j,ab is chosen to open a gap in
the remaining sector SU(k)N/[U(1)]
k−1. This coupled-
wire system is schematically shown in Fig. 6.
As one might expect from Sec. IV A, for a large value
of N , the desired intrawire interactions take quite com-
plicated forms in terms of the original physical bosonic
fields θj,σ,a and ϕj,σ,a. We here do not write down their
explicit forms but only show that there exist such inter-
actions respecting the symmetry constraints. We want
interactions of the following form:
Ou,ss′j,ab = eiωs·(χ˜
R
j,a−χ˜Rj,b)−iωs′ ·(χ˜Lj,a−χ˜Lj,b), (145)
where s, s′ = 1, · · · , N . Here the vectors ω1, · · · ,ωN−1
are those given in Eq. (121), while ωN is given by
ωN = −
N−1∑
σ=1
ωσ. (146)
These (N − 1)-dimensional vectors ωs satisfy the rela-
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tions,
N∑
s=1
ωls = 0,
N∑
s=1
ωlsω
l′
s = δll′ ,
N−1∑
l=1
ωlsω
l
s′ = δss′ −
1
N
,
(147)
and thus form the regular simplex in the (N − 1)-
dimensional space (this has been shown in Fig. 5 for
N = 4). Indeed, they are weight vectors in the funda-
mental representation of SU(N). The interactions (145)
are made of the quasiparticle excitations of k copies of
the Abelian SU(N − 1)-singlets state and obviously sat-
isfy the (separate) charge and momentum conservations.
In terms of the original bosonic fields θj,σ,a and ϕj,σ,a, it
can be written as
Ou,ss′j,ab = exp i
[
N−1∑
σ=1
(ωs · ωσ − ωs′ · ωσ)(ϕj,σ,a − ϕj,σ,b)
+
N−1∑
σ,σ′=1
(ωs · ωσMσσ′ + ωs′ · ωσMTσσ′)
× (θj,σ′,a − θj,σ′,b)
]
. (148)
For given s and s′, the coefficients of ϕj,σ,a and θj,σ′,a are
found to be
ωs · ωσ − ωs′ · ωσ = δsσ − δs′σ, (149)
and
N−1∑
σ=1
(ωs · ωσMσσ′ + ωs′ · ωσMTσσ′)
= (1− δsN )Msσ′ + (1− δs′N )MTs′σ′ − 2 (150)
Since the latter is even integer, the intrawire interactions
can be constructed from bosonic operators.
2. SU(N)k currents and parafermions
We now argue that the interwire interaction (138)
opens a gap in the [U(1)]N−1 × SU(N)k/[U(1)]N−1 sec-
tor, while the intrawire interaction (145) opens a gap in
the SU(k)N/[U(1)]
k−1 sector. This is most easily un-
derstood by expressing those interactions in terms of the
field content of the corresponding CFTs.
Let us first introduce the SU(N)k currents. Using k
copies of the SU(N)1 currents, the SU(N)k currents as-
sociated with a root α of SU(N) are given by
Eαj =
k∑
a=1
Eαj,a, E¯αj =
k∑
a=1
E¯αj,a, (151)
while the N − 1 Cartan currents are given by
Hlj =
k∑
a=1
H lj,a, H¯lj =
k∑
a=1
H¯ lj,a. (152)
They satisfy the SU(N)k current algebra,
Hlj(z)Hl
′
j′(w) ∼
kδjj′δll′
(z − w)2 , (153)
Hlj(z)Eαj′ (w) ∼
δjj′α
lEαj (w)
z − w , (154)
Eαj (z)Eβj′(w)
∼

δjj′
[
k
(z − w)2 +
∑
l α
lHlj(w)
z − w
]
(α · β = −2)
δjj′(α,β)Eα+βj (w)
z − w (α · β = −1)
0 (otherwise)
(155)
for the right currents. The left currents H¯lj and E¯αj also
satisfy a similar algebra.
Using the vertex representation of the SU(N)1 current
associated with a positive root α for each copy,
E±αj,a (x) =
±i
xc
e±iα·χ˜
R
j,a(x),
E¯±αj,a (x) =
±i
xc
e±iα·χ˜
L
j,a(x),
(156)
the interwire interaction (138) can be written as
Otj,σ,ab = x2cEασj,a E¯−ασj+1,b. (157)
If the coupling constants are fine tuned such that tσ,ab ≡
tσ, this can be represented solely by the SU(N)k cur-
rents. Thus we find
k∑
a,b=1
Otj,σ,ab = x2cEασj E¯−ασj+1 . (158)
It obviously acts only on the nonchiral SU(N)k WZW
CFT composed of the neighboring wires j and j + 1 and
will produce a gap.
In order to further translate them into the language of
the bosonic CFT [U(1)]N−1 and the Gepner parafermion
CFT SU(N)k/[U(1)]
N−1, we introduce N − 1 charge
modes and (k− 1)(N − 1) neutral modes for each wire in
terms of the chiral bosonic fields (137),
X˜pj,l =
1√
k
k∑
a=1
χ˜pj,l,a,
Y˜ p,µj,l =
k∑
a=1
Wµa χ˜
p
j,l,a,
(159)
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where Wa are k (k − 1)-dimensional vectors satisfying
k∑
a=1
Wµa = 0,
k∑
a=1
WµaW
ν
a = δµν ,
k−1∑
µ=1
WµaW
µ
b = δab −
1
k
.
(160)
Specifically, such vectors can be chosen as, for example,
Wµa =

1√
µ(µ+1)
(µ ≥ a)
−
√
µ
µ+1 (µ = a− 1)
0 (µ < a− 1)
. (161)
These new fields satisfy the commutation relations,
[∂xX˜
p
j,l(x), X˜
p′
j′,l′(x
′)] = 2ippiδpp′δjj′δll′δ(x− x′),
[∂xY˜
p,µ
j,l (x), Y˜
p′,µ′
j′,l′ (x
′)] = 2ippiδpp′δjj′δll′δµµ′δ(x− x′),
[∂xX˜
p
j,l(x), Y˜
p′,µ
j′,l′ (x
′)] = 0.
(162)
Now the SLL Hamiltonian (140) becomes
HSLL = v
4pi
Nw∑
j=1
∫
dx
[
(∂xX˜
R
j )
2 + (∂xX˜
L
j )
2
+
k−1∑
µ=1
{
(∂xY˜
R,µ
j )
2 + (∂xY˜
L,µ
j )
2
}]
, (163)
where X˜pj = (X˜
p
j,1, · · · , X˜pj,N−1) and Y˜p,µj =
(Y˜ p,µj,1 , · · · , Y˜ p,µj,N−1).
Using these fields, the SU(N)k currents associated
with a positive root α are written as
E±αj (x) =
√
ke±ipi/2k
x
1/k
c
e
± i√
k
α·X˜Rj (x)Ψ±α,1j (x),
E¯±αj (x) =
√
ke±ipi/2k
x
1/k
c
e
± i√
k
α·X˜Lj (x)Ψ¯±α,1j (x).
(164)
Here Ψα,1j (Ψ¯
α,1
j ) is the right (left) SU(N)k/[U(1)]
N−1
parafermionic field associated with a root α of SU(N)
and the fundamental representation of SU(k), whose con-
formal weight is 1 − 1/k. Their vertex representations
involve only the neutral modes Y˜p,µj and are given by
Ψ±α,1j (x) =
e±ipi(k−1)/2k√
kx
1−1/k
c
k∑
a=1
e±iαWa·Y˜
R
j (x),
Ψ¯±α,1j (x) =
e±ipi(k−1)/2k√
kx
1−1/k
c
k∑
a=1
e±iαWa·Y˜
L
j (x),
(165)
where we have introduced a shorthand notation,
αW · Y˜pj ≡
N−1∑
l=1
k−1∑
µ=1
αlWµY˜ p,µj,l . (166)
In fact, the vectors Wa satisfying Eq. (160) generate a set
of weights in the fundamental representation of SU(k).
Thus Eq. (165) is consistent with the vertex represen-
tation of the SU(N)k/[U(1)]
N−1 parafermionic field in
Ref. [87] with an appropriate choice of parafermionic co-
cycle (see Appendix D). Then the interwire interaction
(158) is finally written as
k∑
a,b=1
Otj,σ,ab = kx2−2/kc eiασ·(X˜
R
j −X˜Lj+1)/
√
kΨασ,1j Ψ¯
−ασ,1
j+1 .
(167)
This indicates that the charge part involving X˜pj acts
only on the [U(1)]N−1 bosonic CFT, while the neutral
part involving Y˜p,µj acts only on the SU(N)k/[U(1)]
N−1
parafermion CFT. We also note that since the Cartan
generators of the SU(N)1 currents are expressed as
H lj,a(x) = ∂xχ˜
R
j,l,a(x), H¯
l
j,a(x) = ∂xχ˜
L
j,l,a(x), (168)
those of the SU(N)k currents are given by
Hlj(x) =
√
k∂xX˜
R
j,l(x), H¯lj(x) =
√
k∂xX˜
L
j,l(x). (169)
Hence they involve only the charge modes.
We next see that the intrawire interaction (145) can
be written in terms of SU(k)N/[U(1)]
k−1 parafermionic
fields when uss
′
ab ≡ uab. Using Eq. (159), we can write the
interaction only in terms of the neutral modes as
N∑
s,s′=1
Ou,ss′j,ab =
N∑
s,s′=1
eiωs(Wa−Wb)·Y˜
R
j −iωs′ (Wa−Wb)·Y˜Lj .
(170)
Here the vectors ωs are the weights in the fundamental
representation of SU(N), while the vectors Wa−Wb for
a 6= b span all the roots of SU(k) since Wa are weights in
the fundamental representation of SU(k). Then we can
identify this interaction as the products of left and right
SU(k)N/[U(1)]
k−1 primary fields with scaling dimension
2(1− 1/N) (see Appendix E),
N∑
s,s′=1
Ou,ss′j,ab = eipi(1−N)/Nx2−2/Nc ΞAj Ξ¯A†j , (171)
which is associated with a root of SU(k), A = Wa−Wb.
The chiral primary fields are given by
ΞAj (x) =
eipi(N−1)/2N
x
1−1/N
c
N∑
s=1
e−
2ipis
N eiωsA·Y˜
R
j (x),
Ξ¯Aj (x) =
eipi(N−1)/2N
x
1−1/N
c
N∑
s=1
e−
2ipis
N eiωsA·Y˜
L
j (x).
(172)
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Then we can write
k∑
a<b
N∑
s,s′=1
uabOu,ss
′
j,ab
= eipi(1−N)/Nx2−2/Nc
∑
A∈∆+k
uA
2
ΞAj Ξ¯
A†
j , (173)
where ∆+k is the set of all positive roots of SU(k) and
we have written uab ≡ uA. We remark that, as shown
in Appendix E, ΞAj and Ξ¯
A
j are primary fields of the
chiral SU(k)N/[U(1)]
k−1 CFTs with conformal weight
1−1/N , but they cannot generate the parafermionic alge-
bra in the respective chiral sectors. Instead, the nonchi-
ral product ΞAj Ξ¯
A†
j generates the parafermionic algebra
of the nonchiral SU(k)N/[U(1)]
k−1 CFT and therefore
serves as the (unnormalized) first parafermionic field as-
sociated with a root A of SU(k) and the fundamental
representation of SU(N).
This interaction acts only on the SU(k)N/[U(1)]
k−1
parafermion CFT residing in each wire and is a strictly
relevant perturbation with scaling dimension 2(1−1/N).
For k = 2, the interaction (173) is known to be an inte-
grable deformation of the ZN parafermion theory [88, 89].
When N is even, a mass gap is generally produced for any
sign of the coupling constant [88]. On the other hand, for
odd N , a mass is generated when the coupling constant
is negative, while there is a massless flow to the mini-
mal unitary CFT MN+1 when the coupling constant is
positive [88, 89]. For k ≥ 3, to the best of our knowl-
edge, we are not aware of any investigation about the
integrable deformation of the Gepner parafermion CFT,
which generalizes results known for the Zk parafermion
theory. However, it can be shown that there exists a mas-
sive flow for N = 2 and when uA ≡ u < 0, by the analogy
with the Zk statistical-mechanical model [7] or more rig-
orously by the self-dual sine-Gordon model [90, 91]. For
N ≥ 3 and k ≥ 3, no rigorous proof of the massive flow is
available. Nevertheless, we expect that the relevant inter-
action (173) will produce a gap in the SU(k)N/[U(1)]
k−1
parafermion sector for uA ≡ u < 0 from the analogy with
a ZN−1k statistical-mechanical model as discussed below
in Sec. V C 4. Therefore, we conclude that if the coupling
constants are fine tuned in such a way that the interac-
tion Hamiltonian (144) takes the form,
Hint =
∫
dx
[
Nw−1∑
j=1
N−1∑
σ=1
kx2−2/kc tσe
iασ·(X˜Rj −X˜Lj+1)/
√
k
×Ψασ,1j Ψ¯−ασ,1j+1
+
u
2
eipi(1−N)/Nx2−2/Nc
Nw∑
j=1
∑
A∈∆+k
ΞAj Ξ¯
A†
j + H.c.
]
,
(174)
it produce a bulk gap but leaves gapless edge modes de-
scribed by the chiral SU(N)k WZW CFTs at j = 1 and
Nw.
C. Bulk quasiparticles and ZN−1k statistical
mechanical model
1. Quasiparticle operators
We again consider the 2kF backscattering operators in
terms of the original bosonic fields,
Bj,σ,a(x) = e
2iθj,σ,a(x), (175)
which may transfer quasiparticles at x from the link j +
1/2 to j − 1/2. Using the chiral fields, we can rewrite
them as
Bj,σ,a = e
i
∑N−1
σ′=1(K
−1
SU(N)
)σσ′ (φ˜
R
j,σ′,a−φ˜Lj,σ′,a)
= eiωσ·(χ˜
R
j,a−χ˜Lj,a)
= e
i√
k
ωσ·(X˜Rj −X˜Lj )eiωσWa·(Y˜
R
j −Y˜Lj ). (176)
Thus the quasiparticle operators may be defined as
ΨR†
QP,j+ 12 ,σ,a
= e
i√
k
ωσ·X˜Rj ΣR†j,σ,a,
ΨL†
QP,j+ 12 ,σ,a
= e
i√
k
ωσ·X˜Lj+1ΣL†j+1,σ,a,
(177)
where
Σ
R/L†
j,σ,a = e
iωσWa·Y˜R/Lj . (178)
When k = 1, and thus for the Abelian case, the quasi-
particle operators are just reduced to
ΨR†
QP,j+ 12 ,σ
= e
i
∑N−1
σ′=1(K
−1
SU(N)
)σσ′ φ˜
R
j,σ′ , (179)
and similarly for the left part. The operator labeled by
σ creates a quasiparticle with charge Qρσ = q(δσρ−1/N),
where Qρσ is the quasiparticle charge associated with the
ρ-th component of boson. If we define the total charge as
the sum of charges over all the N−1 components, Qtotσ =∑N−1
ρ=1 Q
ρ
σ, these operators create quasiparticles with the
same total charge Qtotσ = q/N . This is consistent with
the one calculated by the Chern-Simons theory, Qtotσ =
qtTK−1SU(N)lσ with the substitutions of the charge vector
(t)σ = 1 and the quasiparticle vectors (lσ)σ′ = δσσ′ . For
k ≥ 2, there are k quasiparticle operators for each label
σ. Their actions on the charge sector are, however, the
same for any k and equally create quasiparticles with
total charge q/N .
Now we turn to the neutral sector. As we have seen,
the neutral modes Y˜p,µj are contained in the intrawire
interaction as well as the interwire interaction, both of
which are supposed to flow to the strong-coupling limit.
Therefore, the actions of the quasiparticle operators on
the neutral sector are nontrivial. We thus again follow
the strategy of Ref. [7]: we investigate how the operators
Σ
R/L
j,σ,a behave when the intrawire interaction opens a gap.
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In the following, we argue that the nonchiral products of
these operators,
Σnj,σ,a ≡ eipi(N−1)(k−1)/NkΣR†j,σ,aΣLj,σ,a
= eiωσWa·(Y˜
R
j −Y˜Lj ), (180)
behave as order parameters detecting the ZN−1k symme-
try breaking.
This result implies that the chiral operators Σ
R/L
j,σ,a
contain the fundamental spin field of each chi-
ral SU(N)k/[U(1)]
N−1 CFT. If the Hamiltonian of
each wire is fine-tuned to be the SLL Hamiltonian
(140), these operators become primary fields of the
SU(N)k/[U(1)]
N−1×SU(k)N/[U(1)]k−1 CFT with con-
formal weight (N − 1)(k − 1)/2Nk. We conjecture that
these operators are the products of the fundamental spin
field of the SU(N)k/[U(1)]
N−1 parafermion CFT and
that of the SU(k)N/[U(1)]
k−1 parafermion CFT, whose
conformal weights are given by (N −1)(k−1)/2k(N +k)
and (N − 1)(k − 1)/2N(N + k), respectively.
2. Symmetry of the Gepner parafermion
Following Ref. [87], we can easily extract the symmetry
of the Gepner parafermion CFT from its vertex repre-
sentation. From the vertex representation of the energy-
momentum tensor in Eq. (C13), the SU(N)k/[U(1)]
N−1
parafermion CFT is invariant under
Y˜ R,µj,l → Y˜ R,µj,l + 2piυlV µ, (181)
where υ and V are arbitrary vectors on the weight lat-
tices of SU(N) and SU(k), respectively. A vector on the
SU(k) weight lattice can be written as
V = mW1 + B, (182)
where m = 0, · · · , k − 1 and B is some vector on the
SU(k) root lattice. Substituting Eqs. (181) and (182)
into the vertex representation of the SU(N)k/[U(1)]
N−1
parafermionic field in Eq. (165), we find [87]
Ψα,1j → e−
2ipim
k (α·υ)Ψα,1j , (183)
where we have used W1 ·Wa = δa,1−1/k and α ·υ ∈ Z.
Since α is a root of SU(N) and the SU(N) root lattice
is spanned by N −1 primitive vectors, this indicates that
the SU(N)k/[U(1)]
N−1 parafermion CFT has a ZN−1k
symmetry. For N = 2, this reduces to the well-known
Zk symmetry of the SU(2)k/U(1) parafermion [39]. A
similar argument is also applied to the left-moving sector.
In each chiral sector of the SU(N)k/[U(1)]
k−1
parafermion CFT, there are in general N spin fields
that are associated with the weights in the fundamen-
tal representation of SU(N) and have conformal weight
(N − 1)(k− 1)/2k(N + k). Two of these spin fields from
the left- and right-moving sectors may be combined into
a nonchiral spin field, which serves as a physical order
parameter to partially detect the ZN−1k symmetry break-
ing. There will be N(N − 1) such spin fields associated
with the roots of SU(N) and may transform under the
ZN−1k symmetry in the same way as the parafermions,
σρ,j → e− 2ipimk (αρ·υ)σρ,j , (184)
where {αρ} is the set of roots of SU(N). Among such
spin fields, only those related to primitive vectors of the
SU(N) root lattice are independent in the sense of order
parameter. We expect that the operators in Eq. (180)
are related to such “primitive” spin fields.
3. Identification of spin fields
We consider a single-wire Hamiltonian with the in-
trawire interaction (145). Focusing on the neutral sector,
the Hamiltonian is given by
Hj = v
4pi
∫
dx
k−1∑
µ=1
[
(∂xY˜
R,µ
j )
2 + (∂xY˜
L,µ
j )
2
]
+
∫
dx V[Y˜R/L,µj ], (185)
where the intrawire interaction is given by
V[Y˜R/L,µj ]
=
N∑
s,s′=1
∑
A∈∆+k
uss
′
A cos(ωsA · Y˜Rj − ωs′A · Y˜Lj ). (186)
In the following, we omit the wire index j for brevity. We
now introduce nonchiral fields by
Φ˜µl =
1
2
(Y˜ R,µl + Y˜
L,µ
l ),
Θ˜µl =
1
2
(Y˜ R,µl − Y˜ L,µl ),
(187)
which satisfy the commutation relations,
[∂xΘ˜
µ
l (x), Φ˜
µ′
l′ (x
′)] = ipiδµµ′δll′δ(x− x′). (188)
In terms of these fields, the intrawire interaction (186) is
written as
V[Φ˜µ, Θ˜µ] =
N∑
s=1
∑
A∈∆+k
ussA cos(2ωsA · Θ˜)
+
∑
s6=s′
∑
A∈∆+k
uss
′
A cos
[
(ωs − ωs′)A · Φ˜
+ (ωs + ωs′)A · Θ˜
]
, (189)
where we have used the shorthand notations similar to
Eq. (166).
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FIG. 7. Minima of the cosine potentials (189) for N = 4 and
k = 2, which are indicated by the spheres in the (Θ˜1, Θ˜2, Θ˜3)
space scaled by
√
2/pi. Different colors of the spheres rep-
resent eight independent minima within the compactification
radii of Θ˜. The three vectors α1,2,3 are roots of SU(4) [see
Eq. (124)].
Let us parametrize the coupling constants as ussA ≡ u
and uss
′
A ≡ u′ (s 6= s′) for simplicity. If u < 0 and u′ = 0,
the fields Θ˜µ may be pinned at the potential minima,
〈Θ˜µl 〉 = piβlV µ, (190)
with β and V being arbitrary vectors on the SU(N) root
lattice and the SU(k) weight lattice, respectively. How-
ever, not all the minima of Θ˜µ are independent because
of the compactification of the fields Θ˜µ. One way to ex-
tract this compactification condition is to examine kinks
of Θ˜µ created by the intrawire interactions proportional
to u′. Since the vectors ωs − ωs′ for s 6= s′ span all the
roots of SU(N), the compactification condition is read
off as
Θ˜µl ∼ Θ˜µl + piαlAµ, (191)
where α and A are roots of SU(N) and SU(k), re-
spectively. Therefore, only the potential minima within
these compactification radii are independent among those
given in Eq. (190). Since the ratio of the root lattice to
the weight lattice for SU(k) is Zk and Zk is associated
with each primitive vector of the SU(N) root lattice, the
independent minima are labeled by ZN−1k . The poten-
tial minima for N = 4 and k = 2 are shown in Fig. 7
and only 23 = 8 minima among them are independent
in this case. Hence, we expect that in the phase realized
for u < 0 and u′ = 0, the ZN−1k symmetry of the corre-
sponding parafermion CFT is broken so that the ground
state is kN−1-fold degenerate. This symmetry-breaking
phase may be extended for |u′| < |u|.
We are now ready to examine the expectation values
of the operators Σnσ,a defined in Eq. (180), which are now
written as
Σnσ,a = e
2iωσWa·Θ˜. (192)
We can label the independent potential minima by a set
of N − 1 integers {m1, · · · ,mN−1} with mρ ∈ Zk as
〈Θ˜µl 〉 = piWµ1
N−1∑
ρ=1
mρα
l
ρ, (193)
where αρ are primitive vectors of the SU(N) root lattice.
Correspondingly, the operators Σnσ,a acquire the expecta-
tion values,
〈Σnσ,a〉 = e−
2ipi
k
∑N−1
ρ=1 mρ(αρ·ωσ)
= e−
2ipimσ
k . (194)
Thus, irrespective of the index a, the set of 〈Σnσ,a〉 spec-
ifies one of the degenerate ground states. This result
is consistent with the expected behavior of the spin
fields in the nonchiral SU(N)k/[U(1)]
N−1 parafermion
CFT, which are supposed to detect the ZN−1k symme-
try breaking. Therefore, we conclude that once the
SU(k)N/[U(1)]
k−1 CFT is gapped, the neutral parts of
the backscattering operators Σnσ,a behave as the spin
fields of the nonchiral SU(N)k/[U(1)]
N−1 CFT. Since
Σnσ,a is a product of the chiral vertex operators Σ
R
σ,a
and ΣLσ,a, it is natural to expect that each chiral op-
erator contains a fundamental spin field of the chiral
SU(N)k/[U(1)]
N−1 CFT, which may be labeled by a
weight ωσ in the fundamental representation of SU(N).
At the self-N -al critical point discussed below, where
only the SU(k)N/[U(1)]
k−1 CFT is gapped while the
SU(N)k/[U(1)]
N−1 CFT remains gapless, the quasipar-
ticle operators (177) may be seen as the products of the
fundamental spin field and the charge vertex operator
eiωσ·X˜
R/L/
√
k, which are natural generalizations of the
quasihole operators discussed in Ref. [48].
4. N-ality of critical point
We here argue that the Hamiltonian (185) has a mass-
less flow to the SU(N)k/[U(1)]
N−1 CFT at some special
values of the coupling constants, where the Hamiltonian
is invariant under N -ality transformations. This will re-
inforce our previous argument that the intrawire inter-
action (145) gaps out the SU(k)N/[U(1)]
k−1 sector in
each wire, while it leaves the SU(N)k/[U(1)]
N−1 sector
gapless.
Let us first recall the case for N = 2, which has been
discussed in Ref. [7]. Now Φ˜µ and Θ˜µ become (k − 1)-
component bosonic fields and the Hamiltonian is written
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as
H = v
2pi
∫
dx
[
(∂xΦ˜)
2 + (∂xΘ˜)
2
]
+
∫
dx
∑
A∈∆+k
[
uA cos(
√
2A · Θ˜) + u′A cos(
√
2A · Φ˜)].
(195)
This Hamiltonian is invariant under the duality trans-
formation Φ˜ ↔ Θ˜ and uA ↔ u′A. This is nothing but
the Kramers-Wannier duality, which interchanges the Zk
symmetry-breaking phase with the disordered phase in
the corresponding statistical mechanical models. The
phase transition between these two phases, which is de-
scribed by the Zk parafermion CFT [39], is expected to
occur at a self-dual point in the parameter space. In fact,
there exist several statistical mechanical models that ex-
hibit both the Zk symmetry-breaking phase and the Zk
criticality at which the models host the self-dual property
[92–94]. This self-dual point corresponds to uA = u
′
A in
the Hamiltonian (195). In Refs. [90, 91], it has been
shown that the Hamiltonian has a massless flow to the
Zk parafermion CFT when u ≡ uA = u′A and u < 0. One
can alternatively say that the Hamiltonian has a gap only
in the SU(k)2/[U(1)]
k−1 sector.
The situation becomes involved for N ≥ 3. Now the
Hamiltonian (185) possesses the N -ality property as a
generalization of the Kramers-Wannier duality. Explic-
itly, the N -ality transformation gives N − 1 sets of new
dual fields ϕ(n) and ϑ(n) (n = 1, · · · , N − 1), which are
defined by
ϕ
(n)µ
l =
1
2
(Φ˜µl + Θ˜
µ
l )−
1
2
N∑
s=1
ωls
N−1∑
m=1
ωms−n(Φ˜
µ
m − Θ˜µm),
ϑ
(n)µ
l =
1
2
(Φ˜µl + Θ˜
µ
l )
+
1
2
N−1∑
s=1
ωls
N−1∑
m=1
(ωms−n − ωmN−n)(Φ˜µm − Θ˜µm),
(196)
and satisfy
[∂xϑ
(n)µ
l (x), ϕ
(n)µ′
l′ (x
′)] = ipiδµµ′δll′δ(x− x′). (197)
Under the substitution of ϕ(n) and ϑ(n) and the replace-
ment u
(ss′)
A → u(s,s
′+n)
A (s
′+n is defined modulo N), the
Hamiltonian (185) still keeps the same form. [We note
that the N -ality transformation (196) is defined up to
ZN transformations corresponding to uss
′
A → u(s+r,s
′+r)
A
with r ∈ ZN .] We expect that the N -ality transforma-
tion permutes the ZN−1k symmetry-breaking phase and
the other N − 1 phases, although the physical properties
of the latter phases are not clear. We then conjecture
that the self-N -al sine-Gordon Hamiltonian,
H = v
2pi
∫
dx
[
(∂xΦ˜)
2 + (∂xΘ˜)
2
]
+
∫
dx
N∑
s,s′=1
∑
A∈∆+k
uA cos
[
(ωs − ωs′)A · Φ˜
+ (ωs + ωs′)A · Θ˜
]
, (198)
has a massless flow to the SU(N)k/[U(1)]
N−1
parafermion CFT. Again, one can alternatively say
that the Hamiltonian will have a gap only in the
SU(k)N/[U(1)]
k−1 CFT. According to the discussion
about the bulk gap from integrable field theory in
Sec. V B 2, this holds true at least for k = 2 and
u√2 < 0. The other case may require further fine tuning
of the coupling constants but seems plausible at least
for u ≡ uA < 0. Since the interactions in Eq. (198) have
scaling dimension 2(1 − 1/N) and thus are relevant,
there is no obvious way to access the infrared properties
of the Hamiltonian (198). In connection with statistical
mechanical models, there exists an exactly solvable
model that may correspond to the SU(N)k/[U(1)]
N−1
parafermion theory for N ≥ 3 [95, 96]. The model
hosts the ZN−1k symmetry as expected. Although the
critical exponents and the N -ality nature of the critical
point are still not very conclusive, the model seems to
have the same properties conjectured for our self-N -al
sine-Gordon Hamiltonian.
VI. GENERALIZATION TO OTHER FILLING
FACTORS
We can generalize the above non-Abelian SU(N − 1)-
singlet FQH states to other filling factors, such that
the resulting states have the same SU(N)k/[U(1)]
N−1
parafermion CFT in the neutral sector of edge states but
have different U(1) CFTs in the charge sector. Most nat-
ural generalizations appear at filling factor,
νtot =
k(N − 1)
N + k(N − 1)m, (199)
with k > 1 and m ≥ 0. The states with m = 0 corre-
spond to the non-Abelian SU(N − 1)-singlet FQH states
constructed in the previous sections. This generalization
includes the series of non-Abelian state proposed by Read
and Rezayi (N = 2) [38] and by Ardonne and Schoutens
(N = 3) [47, 48]. The first step on constructing these
non-Abelian states is to find Abelian FQH states de-
scribed by the k(N − 1)-dimensional K matrix,
K =

KSU(N)
KSU(N)
. . .
KSU(N)
+mCk(N−1),
(200)
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where the first matrix is the block-diagonal matrix with
k blocks of KSU(N) and Ck(N−1) is the k(N − 1)-
dimensional pseudo-identity matrix whose entries are all
one. Since the diagonal entries of this K matrix are all
2 +m, even m corresponds to a bosonic FQH state while
odd m to a fermionic FQH state.
These parent Abelian states will be realized when the
tunnelings between different copies (channels) and the in-
trawire interactions are absent. Turning on these interac-
tions, the coupled-wire system undergoes a transition to
the non-Abelian FQH states. For instance, such a tran-
sition is expected to occur between the Halperin (331)
state and Moore-Read state in bilayer or thick monolayer
systems at ν = 1/2 (see Ref. [97] and references therein).
The resulting non-Abelian state inherits the same
fractional charges from the parent Abelian state,
while the neutral sector is still described by the
SU(N)k/[U(1)]
N−1 parafermion CFT. One way to rec-
ognize this fact is again to regard the K matrix (200) as
a Gram matrix [71]. Writing the K matrix as
Kσa;σ′a′ = (KSU(N))σσ′δaa′ +m, (201)
a set of the basis vectors {bσa} to be
Kσa;σ′a′ =
N−1∑
l=1
k∑
µ=1
blµσab
lµ
σ′a′ , (202)
is given by
blµσa =
{
αlσW
µ
a (1 ≤ µ < k)
1√
k
αlσ(m) (µ = k)
. (203)
Here ασ and Wa are defined from Eqs. (122) and (160),
respectively, and ασ(m) are defined by
αlσ(m) ≡
N−1∑
l′=1
Λ−1ll′ (m)α
l′
σ ,
Λ−1(m) = diag
(
1, 1, · · · , 1,
√
N + k(N − 1)m
N
)
.
(204)
The (N−1)(k−1)-dimensional lattice spanned by αlσWµa
is exactly what the neutral sector of the non-Abelian
SU(N−1)-singlet FQH state in Sec. V B lies on. Accord-
ing to the modified SU(N) roots ασ(m), the fractional
charge in the U(1) sector depends on the value of m.
We also remark that the Read-Rezayi states have been
obtained by a projection of the trial wave functions for
the parent Abelian FQH states with the K matrix (200)
for N = 2 and general k and m [74, 98]. This idea will
be similarly generalized for N ≥ 3. In fact, the same
K matrix as Eq. (200) has been proposed to study sev-
eral properties of the non-Abelian states from the point
of view of exclusion statistics of electron and quasihole
excitations [53, 54]. This may be related to the lattice
structure of the K matrix as we discussed above.
We can actually generate more sequences by taking the
freedom to choose the basis vectors of the SU(N) root
lattice while fixing the assignment of charge to the multi-
layer basis. This may result in choosing a new Gram ma-
trix K′SU(N) for the block-diagonal elements of Eq. (200),
in stead of KSU(N) defined in Eq. (3). However, the K
matrix obtained in this way generally requires different
filling factors for different components in the correspond-
ing Abelian FQH state. If one can find a K matrix that
allows the same filling factor for different components,
we expect that the resulting non-Abelian FQH states for
given N and k have different U(1) CFTs in the charge
sector but the same parafermion CFT in the neutral sec-
tor. Examples of such K matrices are
K′SU(5) =

2 −1 −1 1
−1 2 1 −1
−1 1 2 −1
1 −1 −1 2
 , (205)
and K′SU(3) discussed below.
In the following, we specifically consider two different
sequences for N = 3 and k = 2. The first one is that by
Ardonne and Schoutens [47, 48] at ν = 4/(4m+3), which
corresponds to the matrix KSU(3) defined in Eq. (3). The
second one corresponds to another choice of KSU(3),
K′SU(3) =
(
2 −1
−1 2
)
(206)
and is realized at ν = 4/(4m + 1). The latter sequence
includes a bilayer non-Abelian FQH state at ν = 4/5,
proposed by Barkeshli and Wen [67].
A. Ardonne-Schoutens series at νtot = 4/(4m+ 3)
The sequence at νtot = 4/(4m+ 3) corresponds to the
m-generalization of the NASS state, which has been pro-
posed by Ardonne and Schoutens [47]. In order to find
appropriate interactions leading to these states, we have
to spatially separate the two copies of wire, which are
put on the uniform magnetic flux b = (8m + 6)kF , such
that the particle hopping from (j, σ, 1) to (j, σ, 2) feels
the magnetic flux δb = 4mkF , as similarly done for the
construction of the q-Pfaffian state [7]. Accordingly, the
particle hopping from (j, σ, 1) to (j + 1, σ, 2) feels the
magnetic flux b + δb = (12m + 6)kF while that from
(j, σ, 2) to (j + 1, σ, 1) feels b− δb = (4m+ 6)kF . This is
schematically shown in Fig. 8
We consider the interaction Hamiltonian of the form
given in Eq. (65). The interwire interactions are now
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FIG. 8. Flux configuration required for the generalized non-
Abelian FQH states. For each j, the particle hopping from
the copy 1 to 2 feels the magnetic flux δb, while the average
flux over copies is set to be a uniform value b.
given by
Otj,σ,ab = exp i
[
ϕj,σ,a − ϕj+1,σ,b
+
∑
σ′,c
(
Mσa;σ′cθj,σ′,c +M
T
σb;σ′cθj+1,σ′,c
)]
,
(207)
where M is the 4× 4 matrix given by
M =

m+ 2 2(m+ 1) 2m 2m
0 m+ 2 2m 2m
0 0 m+ 2 2(m+ 1)
0 0 0 m+ 2
 , (208)
in the basis of (σ, a) = (↑, 1), (↓, 1), (↑, 2), (↓, 2). If these
interactions act only within the same channel a = b, we
will find an Abelian hierarchy FQH state given by the
following 4× 4 K matrix,
K =

m+ 2 m+ 1 m m
m+ 1 m+ 2 m m
m m m+ 2 m+ 1
m m m+ 1 m+ 2
 . (209)
This Abelian state has quasiparticles with the fractional
charge q/(4m+ 3) and the unfractionalized spin ±q. We
then introduce the chiral fields,
φ˜Rj,σ,a = ϕj,σ,a +
∑
σ′=↑,↓
∑
a′=1,2
Mσa;σ′a′θj,σ′,a′ ,
φ˜Lj,σ,a = ϕj,σ,a −
∑
σ′=↑,↓
∑
a′=1,2
MTσa;σ′a′θj,σ′,a′ ,
(210)
which satisfy the commutation relations,
[∂xφ˜
p
j,σ,a(x), φ˜
p′
j′,σ′,a′(x
′)] = 2ippiδpp′δjj′Kσa;σ′a′δ(x− x′).
(211)
We further introduce the chiral fields,
X˜pj,1 =
1
2
(φ˜pj,↑,1 − φ˜pj,↓,1 + φ˜pj,↑,2 − φ˜pj,↓,2),
X˜pj,2 =
1
2
√
4m+ 3
(φ˜pj,↑,1 + φ˜
p
j,↓,1 + φ˜
p
j,↑,2 + φ˜
p
j,↓,2),
Y˜ pj,1 =
1
2
(φ˜pj,↑,1 − φ˜pj,↓,1 − φ˜pj,↑,2 + φ˜pj,↓,2),
Y˜ pj,2 =
1
2
√
3
(φ˜pj,↑,1 + φ˜
p
j,↓,1 − φ˜pj,↑,2 − φ˜pj,↓,2),
(212)
which satisfy
[∂xX˜
p
j,l(x), X˜
p′
j′,l′(x
′)] = 2ippiδpp′δjj′δll′δ(x− x′),
[∂xY˜
p
j,l(x), Y˜
p′
j′,l′(x
′)] = 2ippiδpp′δjj′δll′δ(x− x′),
[∂xX˜
p
j,l(x), Y˜
p′
j′,l′(x
′)] = 0.
(213)
The interwire interactions (207) are then written as
Otj,σ,ab = e
i√
2
ασ(m)·(X˜Rj −X˜Lj+1)+iασWa·Y˜Rj −iασWb·Y˜Lj+1 ,
(214)
where
α↑(m) =
(
1√
2
,
√
4m+3
2
)
,
α↓(m) =
(
− 1√
2
,
√
4m+3
2
)
,
(215)
ασ = ασ(0) and W1 = −W2 = 1/
√
2. We can then find
the intrawire interactions being of the form,
Ou,ss′j,12 = ei
√
2ωs·Y˜Rj −i
√
2ωs′ ·Y˜Lj , (216)
whose explicit forms in terms of the original bosonic fields
are given in Appendix F 1. Once again, it is possible to
interpret these interactions in terms of the excitations of
the parent Abelian FQH state described by Eq. (209).
The interwire interactions (214) are tunnelings of the
charge-q particle excitations, while the intrawire inter-
actions (216) are interactions among the quasipartcle ex-
citations.
As we have already expected from the underlying lat-
tice structure of the K matrix, the neutral modes ap-
pearing in the interactions take exactly the same forms
as those for the m = 0 NASS states in Sec. IV. In Ap-
pendix F, we show that if the SLL Hamiltonian and
the coupling constants are appropriately tuned, the in-
terwire interactions (214) are identified as the prod-
uct of a [U(1)]2 vertex operator and an SU(3)2/[U(1)]
2
parafermionic field. The modification of the vertex oper-
ator in the charge part indicates that now quasiparticles
carry the fractional charge q/(4m+ 3). The intrawire in-
teractions (216) are identified as the nonchiral products
of SU(2)3/U(1) parafermionic fields.
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B. Barkeshli-Wen series at νtot = 4/(4m+ 1)
The other series associated with the K matrix (206) is
realized at ν = 4/(4m+1). The m = 1 state corresponds
to the non-Abelian state proposed by Barkeshli and Wen
for a bilayer quantum Hall system at ν = 4/5 [67]. Sim-
ilarly to the Ardonne-Schoutens series, we consider an
array of the Luttinger liquids put on alternating mag-
netic fields with b = (8m + 2)kF and δb = 4mkF . This
flux structure allows the interwire interactions (207) but
with the following interaction matrix,
M =

m+ 2 2(m− 1) 2m 2m
0 m+ 2 2m 2m
0 0 m+ 2 2(m− 1)
0 0 0 m+ 2
 . (217)
The corresponding chiral fields (210) now satisfy the com-
mutation relations (211) with the K matrix,
K =

m+ 2 m− 1 m m
m− 1 m+ 2 m m
m m m+ 2 m− 1
m m m− 1 m+ 2
 . (218)
The Abelian FQH state with this K matrix will be
realized when the interwire interactions within the
same channel a = b flow to the strong-coupling limit.
This state has quasiparticles with the fractional charge
q/(4m+1) as well as the fractional spin ±q/3. By further
introducing the chiral fields,
X˜pj,1 =
1
2
√
4m+ 1
(φ˜pj,↑,1 + φ˜
p
j,↓,1 + φ˜
p
j,↑,2 + φ˜
p
j,↓,2),
X˜pj,2 =
1
2
√
3
(φ˜pj,↑,1 − φ˜pj,↓,1 + φ˜pj,↑,2 − φ˜pj,↓,2),
Y˜ pj,1 =
1
2
(φ˜pj,↑,1 + φ˜
p
j,↓,1 − φ˜pj,↑,2 − φ˜pj,↓,2),
Y˜ pj,2 =
1
2
√
3
(φ˜pj,↑,1 − φ˜pj,↓,1 − φ˜pj,↑,2 + φ˜pj,↓,2),
(219)
which satisfy the commutation relations (213), we can
write the interwire interactions as
Otj,σ,ab = e
i√
2
βσ(m)·(X˜Rj −X˜Lj+1)+iβσWa·Y˜Rj −iβσWb·Y˜Lj+1 ,
(220)
where
β↑(m) =
(√
4m+1
2 ,
√
3
2
)
,
β↓(m) =
(√
4m+1
2 , −
√
3
2
)
,
(221)
and βσ = βσ(0). We consider the same form of the in-
trawire interaction as in the previous case [see Eq. (216)],
whose explicit expressions are given in Appendix F 1.
Apart from the modification of the charge part and the
different choice of SU(3) roots, the interactions take the
same form as those for the NASS state. Thus the neutral
sector of this non-Abelian FQH state is also given by the
SU(3)2/[U(1)]
2 parafermion CFT.
VII. APPLICATION TO LATTICE SYSTEMS
In lattice systems, the above FQH states can be re-
alized as fractional Chern insulators or chiral spin liq-
uids. A crucial difference from the coupled-wire system
is that the momenta along both two spatial directions
are conserved only modulo 2pi. This allows the umk-
lapp scattering and induces the numerous instabilities
to long-range orders, such as charge- and spin-density
waves and valence-bond solids, which usually overwhelm
the FQH states. Thus the realization of the FQH states
in the lattice system requires frustration suppressing the
long-range orders as well as strong interaction. Here we
provide several key ingredients towards their realization,
especially in lattice bosonic systems and SU(N) spin sys-
tems, from the perspective of coupled-wire construction.
A. Bosons with correlated hopping
The coupled-wire construction of the FQH state ex-
tensively uses correlated hoppings as its building blocks.
The correlated hopping can be thought of as a virtual
process due to the interaction strongly enhanced in the
flat band. However, it can actually be engineered in cold-
atom systems with periodically modulated on-site inter-
actions [56] and recently realized experimentally [57].
Hence, it is interesting to seek the possibility of FQH
states in lattice systems with correlated hoppings.
We start from the array of Bose-Hubbard chains,
HBH =
∑
j,`
N−1∑
σ=1
[
−t(b†j,`,σbj,`+1,σ + H.c.)
+
U
2
nj,`,σ(nj,`,σ − 1)− µnj,`,σ
]
, (222)
where b†j,`,σ creates a boson with σ species at site (j, `)
and nj,`,σ = b
†
j,`,σbj,`,σ. Taking the continuum limit with
respect to the index `, the low-energy effective Hamilto-
nian is given by the array of Luttinger liquids [36],
H0 =
∑
j
N−1∑
σ=1
vF
2pi
∫
dx
[
1
g
(∂xθj,σ)
2 + g(∂xϕj,σ)
2
]
,
(223)
where x = `a0 with a0 being the lattice spacing and
vF and g depend on the parameters t, U , and µ in the
original model. The lattice bosonic operators are now
28
given by [99]
b†j,`,σ ∼
[
ρ¯− 1
pi
∂xθj,σ(x)
] 1
2
eiϕj,σ(x)
∑
n∈Z
e2in(piρ¯x+θj,σ(x)),
nj,`,σ ∼
(
ρ¯− 1
pi
∂xθj,σ(x)
)∑
n∈Z
e2in(piρ¯x+θj,σ(x)).
(224)
In order to realize the Abelian SU(N − 1)-singlet FQH
state with the K matrix (3), we need the interchain in-
teraction of the form (106) from the analysis in Sec. V A.
Such interactions are obtained from the continuum ex-
pressions of the following correlated hopping,
O(`,`′)j,σ = b†j,`,σbj+1,`′,σ
∏
σ1>σ
nj,`,σ1
∏
σ2<σ
nj+1,`′,σ2 , (225)
which now corresponds to the interaction matrix M given
in Eq. (114). Here, |` − `′| must be of the order of the
lattice spacing. To be precise, these lattice interactions
generate an infinite number of vertex operators in the
continuum limit, while most of their combinations do
not lead to the FQH state. Thus we need fine tuning
of the (generally complex) coupling constants under an
appropriate average density ρ¯a0 = 〈nj,`,σ〉 to suppress
unwanted vertex operators.
We do not go into further details about how to real-
ize the FQH states from this setup. We here only state
a general remark. Since we start from purely bosonic
chains, the resulting interaction matrix M relevant for
the Abelian SU(N − 1)-singlet FQH state must be an
even-integer matrix. This intrinsically disables us from
finding a symmetric matrix M, which preserves the per-
mutation symmetry among the components of boson. Al-
though this symmetry is not necessarily required to real-
ize the FQH states, it can exactly or approximately ap-
pear in several physical setups such as rotating Bose gases
[49, 50, 81–83] or fractional Chern insulators [51, 100].
An intriguing way to obtain a symmetric matrix M is
again to consider correlated hoppings, but this time for
the intrachain couplings,
Hcor =
∑
j,`
N−1∑
σ=1
[
t
(
b†j,`,σbj,`+1,σ
∏
σ′ 6=σ
(2nj,`,σ − 1) + H.c.
)
+
U
2
nj,`,σ(nj,`,σ − 1)− µnj,`,σ
]
. (226)
Due to the correlated hoppings, it is not clear that the
low-energy description in terms of the Luttinger liquid
is generally applicable to this Hamiltonian. However, in
the limit of U → ∞ where the hard-core treatment of
bosons b2j,`,σ = 0 is justified, we can introduce a variant
of the Jordan-Wigner transformation,
bj,σ,` = b˜j,`,σK˜j,`,σ (227)
where K˜j,`,σ is a string operator defined by
K˜j,`,σ = exp
ipi ∑
σ′ 6=σ
∑
`′<`
n˜j,`′,σ′ +
∑
j′<j
∑
`′
n˜j′,`′,σ′

(228)
and n˜j,`,σ = nj,`,σ. The new particle operators b˜j,`,σ
with the same component commute with each other,
while those with different components anticommute ex-
cept when they are at the same position. After this trans-
formation, the correlated hoppings becomes the standard
hoppings,
Hcor =
∑
j,`
N−1∑
σ=1
[
−t(b˜†j,`,σ b˜j,`+1,σ + H.c.)− µn˜j,σ,`].
(229)
Thus the low-energy theory of the Hamiltonian (226)
is still described by the array of Luttinger liquids in
Eq. (223) for a sufficiently large U . The lattice operators
b˜j,`,σ and n˜j,`,σ are also bosonized as in Eq. (224). On
the other hand, the continuum expressions of the origi-
nal bosonic operators bj,σ,` are modified because of the
string operators. Noting that the lattice string operator
is Hermitian, it may be bosonized as
K˜j,`,σ ∼ κj,σ cos
[
(N − 2)piρ¯x+
∑
σ′ 6=σ
θj,σ′(x)
]
, (230)
where κj,σ is the Klein factor,
κj,σ =
∏
σ′ 6=σ
∏
j′<j
ei
∫∞
−∞ dx∂xθj′,σ′ (x), (231)
which must be multiplied to keep the anticommuting
property of b˜j,σ,` between different components. Since
the string operator K˜j,`,σ contains odd multiples of θj,`,σ′
with σ′ 6= σ, interchain hoppings (or generally correlated
hoppings)
O(`,`′)j,σ = b†j,`,σbj+1,`′,σ, (232)
can produce vertex operators of the form (106) but with
the interaction matrix M = KSU(N), up to the Klein
factors. Indeed, the off-diagonal entries of M now be-
come odd integers while the diagonal entries still remain
even integers. This allows us to obtain a symmetric ma-
trix M and therefore the SU(N − 1)-singlet FQH states
with manifestly keeping the symmetries among the com-
ponents.
The above idea for N = 3 is explicitly demonstrated
in Ref. [27] for a lattice bosonic model with correlated
hoppings [101] to obtain the Halperin (221) state as well
as a bosonic integer quantum Hall state protected by
U(1) symmetry [55]. The Jordan-Wigner transformation
(227) is reminiscent of a mutual flux attachment [55] in
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lattice systems. This suggests that the constraints im-
posed to the allowed interactions (24) may be relaxed for
the coupled-wire system of multi-component bosons, if
we think that the wires are initially composed of mutual
composite bosons due to strong interaction.
B. SU(N) spin systems
We have shown in Sec. V that the interwire interactions
for the Abelian and non-Abelian SU(N−1)-singlet FQH
states can be written in terms of the SU(N)k currents.
These currents naturally appear in SU(N) spin chains
rather than in bosonic or fermionic chains, as low-energy
properties of the former are described by the SU(N)k
WZW CFT [102, 103]. Thus we here consider the re-
alizations of FQH states in SU(N) spin systems, which
are usually dubbed as the chiral spin liquids. Our ba-
sic idea follows a detailed study for the SU(2) case by
Gorohovsky, Pereira, and Sela [14].
We start from the array of SU(N) Heisenberg chains,
HHeis = J
∑
j,`
N2−1∑
a=1
T aj,`T
a
j,`+1, (233)
where T aj,` are the generators of SU(N) in some represen-
tation. We here focus on the fundamental representation,
and hence T aj,` are N ×N matrices satisfying
[T aj,`, T
b
j′,`′ ] = iδjj′δ``′
N2−1∑
c=1
fabcT
c
j,`, (234)
where fabc is the structure constant. The low-energy ef-
fective Hamiltonian is given by the SU(N)1 WZW CFT
[102, 103],
H0 = v
4pi(N + 1)
∫
dx
∑
j
(
:Jj · Jj : + :J¯j · J¯j :
)
, (235)
where Jj(x) and J¯j(x) are the right and left SU(N)1
currents, respectively. The lattice spin operators are ex-
pressed as [102, 103]
T aj,` ∼ a0
[
Jaj (x) + J¯
a
j (x)
]
+ e
2ipix
Na0 Naj (x)
+ e−
2ipix
Na0 Na†j (x) + · · · , (236)
where a0 is the lattice spacing and the ellipsis stands for
less relevant terms. Here Naj (x) is related with the WZW
primary field g(x), which is an N ×N matrix field with
scaling dimension 1− 1/N , through
Naj (x) = c Tr
[
gj(x)T
a
]
, (237)
where c is some nonuniversal constant.
We consider the model on an anisotropic triangular
lattice studied in Ref. [14], which is now generalized to
FIG. 9. SU(N) spin model defined on an anisotropic trian-
gular lattice. The lattice sites are specified by the indices j
and `. The solid and dashed lines represent the exchange cou-
plings J and J ′, respectively. The circle arrows represent the
three-body interactions J3 on triangles.
SU(N) spins as
H1 =
∑
j,`
[
J ′
N2−1∑
a=1
(
T aj,`T
a
j+1,` + T
a
j,`+1T
a
j+1,`
)
+ J3
∑
a,b,c
fabc
(
T aj,`T
b
j+1,`T
c
j,`+1 + T
a
j,`T
b
j+1,`−1T
c
j+1,`
)]
.
(238)
The first term is the standard exchange coupling be-
tween neighboring chains. The second term represents
three-body interactions acting on triangles, which ex-
plicitly break both time-reversal and parity symmetries.
Such interactions can be generated in the strong-coupling
limit of SU(N) Hubbard models at 1/N filling with a fi-
nite flux. The model is depicted in Fig. 9. Substituting
Eq. (236), we find
H1 ∼
∫
dx
∑
j
[
2J ′a0
(
Jj · J¯j+1 + J¯j · Jj+1
)
+ J ′
(
(1 + e
2ipi
N )Nj ·N†j+1 + H.c.
)
+ 4NJ3a0
(
Jj · J¯j+1 − J¯j · Jj+1
)]
+ · · · , (239)
where we have used the OPEs,
Jaj (x)J
b
j′(y) ∼ δjj′
[
− δab
(x− y)2 +
N2−1∑
c=1
fabc
x− yJ
c
j (y)
]
,
J¯aj (x)J¯
b
j′(y) ∼ δjj′
[
− δab
(x− y)2 −
N2−1∑
c=1
fabc
x− y J¯
c
j (y)
]
,
(240)
and
∑
b,c fabcfdbc = 2Nδad to obtain the third term. In
a similar manner to Ref. [14], if J ′ and J3 are appro-
priately tuned, we can find the marginal current-current
interaction, only one of either Jj · J¯j+1 or J¯j ·Jj+1, which
potentially stabilizes the SU(N) chiral spin liquid as we
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have seen. However, in contrast to the N = 2 case [14]
where N†j = Nj , the backscattering terms Nj ·N†j+1 do
not cancel for general N . Since these terms have scaling
dimension 2(1− 1/N) and thus are strictly relevant for a
finite N , they will usually govern the low-energy physics
and drive the system into some long-range ordered phase.
We note that even for N = 2, it is likely that the system
develops some magnetic order by relevant perturbations
generated at higher order [14].
In the limit N → ∞, both current-current and
backscattering interactions become marginal. Thus the
resulting physics will be simply determined by the magni-
tudes of the coupling constants. As also discussed in sev-
eral large-N analyses [62–65], the chiral spin liquid can
be more stable in this limit. It is interesting to note that
since the contribution of the three-body interaction in the
low-energy theory is of the order of N [see Eq. (239)], an
infinitesimal J3 ∼ O(1/N) may be enough to stabilize
the chiral spin liquid. This indicates the possibility of a
chiral spin liquid with spontaneous time-reversal symme-
try breaking in the large N limit. A parent Hamiltonian
approach in Ref. [104] also suggests this possibility, while
the Hamiltonian is long ranged in that case.
Although a recent numerical study [105] argues that
the same model exhibits the SU(N) chiral spin liquid for
J = J ′ ∼ J3 and 3 ≤ N ≤ 9, it may not be the case
at least for the spatially anisotropic case studied above.
Nevertheless, it is interesting to ask whether we can find
a robust chiral spin liquid phase within the coupled-wire
approach in other lattice models. Such models may re-
quire different lattices, representations of SU(N), and/or
interactions. We leave this question for the future study.
VIII. CONCLUSION
We developed the coupled-wire construction of FQH
states for the Abelian and non-Abelian FQH states re-
lated to [U(1)]N−1 × SU(N)k/[U(1)]N−1 CFTs. These
FQH states include the SU(N − 1)-singlet generaliza-
tion of the NASS state proposed in Refs. [47, 48], which
will be relevant for multi-component quantum Hall sys-
tems. We also proposed a procedure to generate differ-
ent non-Abelian FQH states whose neutral sector is still
described by the SU(N)k/[U(1)]
N−1 parafermion CFT,
and demonstrated it for a bilayer non-Abelian state at
ν = 4/5 [67] as the simplest example. By employing
the underlying SU(N)-algebraic structure of the FQH
states and the vertex representations of the associated
CFTs, we explicitly constructed the microscopic interac-
tions from coupled wires that will open a bulk gap while
leave the desired chiral gapless excitations at the bound-
aries. This approach allows us to rigorously prove the ex-
istence of the bulk gap for k = 2 by utilizing the results
from an integrable deformation of the Zk parafermion
theory, in addition to the previously addressed N = 2
case [7]. We also argued that from the analogue with a
ZN−1k statistical mechanical model, bulk quasiparticles of
those non-Abelian FQH states are related to spin fields
of the SU(N)k/[U(1)]
N−1 parafermion CFT.
In the present construction, the non-Abelian FQH
states are obtained by turning on interactions in certain
parent Abelian FQH states. This construction may be
extended to non-Abelian topological ordered states re-
lated to more general CFTs by similarly taking Abelian
states with the K matrices proposed in Ref. [106]. We
hope that our approach opens the door to understand
the microscopic origins of more exotic topological orders.
We also discussed how our results are applied to lattice
systems towards the realization of those FQH states. For
a bosonic system with correlated hoppings, the Abelian
SU(N − 1)-singlet FQH state becomes a natural candi-
date of ground state due to an effect like the mutual flux
attachment. This effect actually also forbids the simple
boson condensation at least in the quasi-1D limit. It is
thus interesting to ask whether we can engineer a real-
istic optical lattice system with correlated hoppings by
using the Floquet theory for periodically modulated in-
teractions.
Another system that we worked out is the SU(N)
Heisenberg model, which may be realized as the Mott-
insulating phase of multi-component Hubbard models. In
the model with chiral three-body exchange interactions,
we found that the Abelian SU(N − 1)-singlet chiral spin
state tends to be stable for large N . Although the present
coupled-wire approach based on the SU(N)k WZW CFT
most naturally fits into this system, the actual realization
of the chiral spin state for a finite N seems quite subtle
due to competing long-range orders. Nevertheless, it is
an intriguing future direction to seek the possibility of
the chiral spin states by manipulating the microscopic
interactions and especially the representation of SU(N)
which may lead to non-Abelian topological orders.
Finally, we believe that the field-theoretical machin-
ery developed in the present study facilitates the deep
microscopic understanding of exotic topological phenom-
ena as well as the investigation of novel quantum criti-
cal phenomena. One example is topological defects be-
tween distinct topologically ordered states or topologi-
cally distinct boundary states [107, 108]. Interestingly,
the SU(N)k/[U(1)]
N−1 parafermion may emerge as a lo-
calized zero mode of such a topological defect, and the
associated criticality as discussed in Sec. V C 4 may be
realized as the phase transition between certain topolog-
ically distinct gapped boundary states [107]. From the
perspective of quantum field theory, our analysis poses
two intimately related questions remaining unanswered:
whether there exists an integrable deformation of the
SU(N)k/[U(1)]
N−1 parafermion CFT and whether there
exists a massless flow to the SU(N)k/[U(1)]
N−1 CFT in
the self-N -al sine-Gordon theory (198). These questions
will be worth addressing also in the relations with statis-
tical mechanical models.
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Appendix A: Roots and weights of SU(N)
We here summarize our convention of roots and
weights of SU(N), which are used in the main text and
the other appendices. With (N − 1)-dimensional vectors
wσ = (w
1
σ, · · · , wN−1σ ), a full set of the weights in the
fundamental representation of SU(N) is generated by N
vectors satisfying
N∑
σ=1
wlσ = 0, (A1a)
N∑
σ=1
wlσw
l′
σ = δll′ , (A1b)
N−1∑
l=1
wlσw
l
σ′ = δσσ′ −
1
N
. (A1c)
By definition, their differences generate all the N(N −1)
roots of SU(N):
∆N = {wσ −wσ′ | σ 6= σ′, 1 ≤ σ ≤ N, 1 ≤ σ′ ≤ N}.
(A2)
Now any root of SU(N), α ∈ ∆N , is normalized as
|α|2 = 2. Let us specifically consider the following choice
of wσ,
ωlσ =

1√
l(l+1)
(l ≥ σ)
−
√
l
l+1 (l = σ − 1)
0 (l < σ − 1)
. (A3)
The first N − 1 vectors form an orthogonal matrix diag-
onalizing the K matrix (3) as
N−1∑
σ,σ′=1
ωlσ(KSU(N))σσ′ω
l′
σ′ = δll′ , (A4)
and thus have been used in the linear transformations of
the bosonic fields in Eqs. (45) and (118). They also span
the weight lattice of SU(N),
ΛWSU(N) =
{
N−1∑
σ=1
rσωσ
∣∣∣∣∣ rσ ∈ Z
}
. (A5)
Upon the choice of Eq. (A3), a set of positive roots of
SU(N) is generated by
∆+N = {ωσ − ωσ′ | 1 ≤ σ < σ′ ≤ N}. (A6)
It also generates a set of N − 1 simple roots by
α˜σ = ωσ − ωσ+1. (A7)
The simple roots α˜σ constitute the Cartan matrix given
in Eq. (6) by
(ASU(N))σσ′ =
N−1∑
l=1
α˜lσα˜
l
σ′ , (A8)
and become primitive vectors of the root lattice of
SU(N),
ΛRSU(N) =
{
N−1∑
σ=1
rσα˜σ
∣∣∣∣∣ rσ ∈ Z
}
. (A9)
The transformation matrix G from the K matrix
KSU(N) to the Cartan matrix ASU(N) is given by the
(N − 1)-dimensional upper triangular matrix,
G =

1 1 · · · 1 1
0 1 1 1
...
. . .
...
0 0 1 1
0 0 · · · 0 1
 , (A10)
whose allowed nonzero entries are all one. Since |det G| is
obviously unity, this matrix belongs to GL(N−1,Z) with
determinant ±1. While the GL(N−1,Z) transformation
generally changes the primitive vectors of the root lattice
ΛRSU(N), the lattice structure itself is unchanged [71]. The
set of the simple roots α˜σ is transformed by G to the
other set of roots ασ with σ = 1, · · · , N − 1,
ασ =
N−1∑
σ′=1
Gσσ′α˜σ′
= ωσ − ωN , (A11)
which constitute KSU(N) [see Eq. (120)]. They obviously
satisfy Eq. (122) and still form primitive vectors of the
root lattice ΛRSU(N). In Ref. [109], Fro¨hlich and Zee have
discussed that the m-dimensional K matrix of the form
K = 1+pC (1 and C are the identity and pseudo-identity
matrices, respectively) is related to the Cartan matrix of
the SU(m) algebra by the same transformation matrix
G. Our case corresponds to p = 1 in their case which is,
as we have shown, related to the Cartan matrix of the
SU(m+ 1) algebra.
Taking the first N−1 vectors from Eq. (A3), the trans-
formation GT generates a set of the fundamental weights
of SU(N),
ω˜σ =
N−1∑
σ′=1
GTσσ′ωσ′ , (A12)
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which are dual to the simple roots,
N−1∑
l=1
ω˜lσα˜
l
σ′ = δσσ′ . (A13)
The I-th antisymmetric tensor representation of SU(N),
which is represented by the Young tableau with a single
column with I boxes (1 ≤ I < N), is uniquely charac-
terized by the highest weight ω˜I . Thus the I-th anti-
symmetric representation denoted by [ω˜I ] consists of the
weights,
[ω˜I ] = {ωσ1 + · · ·+ ωσI | 1 ≤ σ1 < · · · < σI ≤ N}.
(A14)
The number of weights in [ω˜I ] is given by N !/I!(N − I)!
and |ω˜I |2 = I(N − I)/N .
Appendix B: Vertex representation of SU(N)1
currents
We here explicitly construct the SU(N)1 current alge-
bra from free bosons defined in Eq. (17). In contrast to
the SU(2)1 case, a special care on the cocycle factor is
required to obtain a faithful representation for SU(N)1
with N ≥ 3.
1. Free bosons and their linear transformations
Let us consider a single wire and the bosonic fields
(θσ, ϕσ) with σ = 1, · · · , N − 1, which obeys the commu-
tation relations,
[θσ(x), ϕσ′(x
′)] = ipiδσσ′Θ(x− x′), (B1)
where Θ(x) is a step function that takes 1 for x > 0 while
0 for x < 0. This makes the creation operator Φ†σ(x) ∝
eiϕσ(x) and the density operator ρ
(n)
σ (x) ∝ e2in[kF x+θσ(x)]
at different positions commutative. These fields are now
compactified as
ϕσ ∼ ϕσ + 2pinσ,
θσ ∼ θσ + pimσ, (B2)
where nσ,mσ ∈ Z. Using Eq. (B1), the chiral fields (118)
obey the commutation relations,
[χ˜Rl (x), χ˜
R
l′ (x
′)] = ipiδll′sgn(x− x′)
+
ipi
2
∑
σ,σ′
ωlσω
l′
σ′(Mσσ′ −Mσ′σ), (B3)
[χ˜Ll (x), χ˜
L
l′ (x
′)] =− ipiδll′sgn(x− x′)
+
ipi
2
∑
σ,σ′
ωlσω
l′
σ′(Mσσ′ −Mσ′σ), (B4)
[χ˜Rl (x), χ˜
L
l′ (x
′)] = ipi
∑
σ,σ′
ωlσω
l′
σ′Mσσ′ . (B5)
Thus these fields do not commute not only between
different chiralities but also between different compo-
nents. We note that this bosonic theory can be equiv-
alently formulated in the toroidal compactification of a
bosonic string action with a symmetric and antisymmet-
ric constant background fields [110]. In the notation of
Ref. [110], the antisymmetric field may be chosen to be
Bµν =
1
2
∑
σ,σ′ ω
µ
σω
ν
σ′(M −MT )σσ′ . To obtain a com-
mutative algebra, we introduce coordinate-free operators
P
R/L
l satisfying,
[χ˜pl (x), P
p′
l′ ] =
iδpp′
2
∑
σ,σ′
ωlσω
l′
σ′Mσσ′ , (B6)
and consider
χ˜Rl = χ
R
l + piP
R
l ,
χ˜Ll = χ
L
l + piP
L
l + 2piP
R
l .
(B7)
The new chiral fields χpl satisfy the standard commuta-
tion relations,
[χpl (x), χ
p′
l′ (x
′)] = ipipδpp′δll′sgn(x− x′). (B8)
Below we show that the operators P
R/L
l can be con-
structed from the zero-mode part of the mode expansion
of χpl and give the correct cocycle factor to a vertex rep-
resentation of the SU(N)1 current algebra.
Since P
R/L
l are assumed to be independent of the coor-
dinate, the Hamiltonian (126) for each wire is equivalent
to
HSLL = v
4pi
N−1∑
l=1
∫
dx
[
(∂xχ
R
l )
2 + (∂xχ
L
l )
2
]
. (B9)
On a cylinder of circumference L, the fields χpl have mode
expansions [46]:
χRl (z) = q
R
l − ipRl ln z +
∞∑
n=1
1√
n
(
aRlnz
−n + aR†ln z
n
)
,
χLl (z¯) = q
L
l − ipLl ln z¯ +
∞∑
n=1
1√
n
(
aLlnz¯
−n + aL†ln z¯
n
)
,
(B10)
where
z = e2pi(τ+ix)/L, z¯ = e2pi(τ−ix)/L, (B11)
and the mode operators satisfy the commutation rela-
tions,
[qRl , p
R
l′ ] = [q
L
l , p
L
l′ ] = iδll′ , (B12)
[aRln, a
R†
l′n′ ] = [a
L
ln, a
L†
l′n′ ] = δll′δnn′ , (B13)
33
while the other commutators vanish. Utilizing the com-
pactification condition (B2), χpl are compactified as
χRl ∼ χRl + 2pi
∑
σ
ωlσ
(
nσ +
1
2
∑
ρ
Mσρmρ
)
,
χRl ∼ χRl + 2pi
∑
σ
ωlσ
(
nσ − 1
2
∑
ρ
Mρσmρ
)
.
(B14)
This indicates that eigenvalues of the zero-mode opera-
tors p
R/L
l lie in
pRl ∈
∑
σ
ωlσ
(
nσ +
1
2
∑
ρ
Mσρmρ
)
,
pLl ∈
∑
σ
ωlσ
(
nσ − 1
2
∑
ρ
Mρσmρ
)
,
(B15)
since the mode expansion (B10) must reproduce the com-
pactification condition (B14) under x → x + L. Using
the zero-mode operators p
R/L
l , we find that the opera-
tors P
R/L
l are given by
P
R/L
l =
1
2
∑
σ,σ′
(ωσ · pR/L)ωlσ′Mσσ′ . (B16)
2. Operator product expansions
The OPEs of the chiral fields χp are given by
χRl (z)χ
R
l′ (w) ∼ −δll′ ln(z − w),
χLl (z¯)χ
L
l′ (w¯) ∼ −δll′ ln(z¯ − w¯).
(B17)
From these OPEs, we can derive several useful OPEs:
∂zχ
R
l (z)∂wχ
R
m(w) ∼ −
δlm
(z − w)2 , (B18a)
∂zχ
R
l (z) :e
ia·χR(w): ∼ −ia
l
z − w :e
ia·χR(w):, (B18b)
:eia·χ
R(z): ∂wχ
R
l (w) ∼
ial
z − w :e
ia·χR(w):, (B18c)
:eia·χ
R(z)::eib·χ
R(w): ∼ (z − w)a·b :eia·χR(z)+ib·χR(w):,
(B18d)
where a and b are some (N − 1)-dimensional vectors.
If a · b < −1 in Eq. (B18d), further singular terms are
generated by the Taylor expansion of eia·χ
R(z)+ib·χR(w)
about w. For example, if a = −b and |a|2 = 2, we have
:eia·χ
R(z)::e−ia·χ
R(w):
∼ 1
(z − w)2 +
ia · ∂wχR(w)
z − w
− 1
2
:(a · ∂wχR(w))2: + i
2
a · ∂2wχR(w), (B19)
up to the zeroth order in z − w. Similar OPEs for χL
can be obtained by simply replacing z → z¯ and w → w¯.
3. Vertex representation and cocycle
We are now ready to consider a vertex representation of
the SU(N)1 current algebra [46, 84–86]. In the Cartan-
Weyl basis, the current corresponding to the Cartan sub-
algebra is given by
H l(z) = i∂zχ
R
l (z). (B20)
To construct the other currents, let us consider the fol-
lowing form of vertex operator,
E˜α(z) ≡ :eiα·χR(z):, (B21)
where α is a root of SU(N). Such a vertex operator
is compatible with the compactification condition (B14)
since α · ωσ ∈ Z. Using Eq. (B18), those operators give
the following OPEs:
H l(z)Hm(w) ∼ δlm
(z − w)2 , (B22)
H l(z)E˜α(w) ∼ α
lE˜α(w)
z − w , (B23)
and
E˜α(z)E˜β(w)
∼

1
(z − w)2 +
∑
l α
lH l(w)
z − w (α · β = −2)
E˜α+β(w)
z − w (α · β = −1)
0 (otherwise).
(B24)
Since α and β are roots, α · β = −2 equivalently means
α = −β, while α · β = −1 means that α + β is also a
root of SU(N).
However, the vertex operators (B21) still do not give a
faithful representation of the SU(N) current algebra; we
need to recover a correct sign factor in the second relation
of Eq. (B24). Following the prescription in Refs. [46, 111],
we introduce the cocycle factor cα(p
R) dependent only
upon the zero mode pR. Then we consider the modified
vertex operator,
Eα(z) = cα(p
R)E˜α(z), (B25)
for a positive root α, while
E−α(z) = E˜−α(z)c−α(pR), (B26)
for a negative root −α. Since cβ(pR) depends only on
pR, when it goes over E˜α(z), we have
E˜α(z)cβ(p
R) = cβ(p
R −α)E˜α(z). (B27)
Hence, in order to obtain the correct algebra, we require
that
cα(p
R)cβ(p
R −α) = (−1)α·βcβ(pR)cα(pR − β),
(B28)
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and
cα(p
R)cβ(p
R −α) = ˜(α,β)cα+β(pR), (B29)
with ˜(α,β) = ±1. Such cα(pR) can be chosen as
cα(p
R) = e
ipi
2
∑
σ,σ′ (ωσ·pR)(ωσ′ ·α)Mσσ′ , (B30)
which only depends on the momentum part of the zero
mode of χR. Let us define the star product,
α ∗ β ≡ 1
2
∑
σ,σ′
(ωσ ·α)(ωσ′ · β)Mσσ′ . (B31)
Then we can write
cα(p
R) = eipip
R∗α. (B32)
Since ω · α ∈ Z for any two vectors α ∈ ΛRSU(N) and
ω ∈ ΛWSU(N), α∗β ∈ Z is obviously satisfied. The product
also obeys the relation,
α ∗ β =
∑
σ,σ′
(ωσ ·α)(ωσ′ · β)
(
KSU(N) − 1
2
MT
)
σσ′
= α · β − β ∗α. (B33)
Utilizing these facts, one can easily confirm that the co-
cycle factor defined in Eq. (B30) satisfies the two re-
quirements (B28) and (B29). We can further find that
˜(α,β) = (−1)α∗β. When α · β = −1, the modified
vertex operator Eα(z) satisfies the OPE,
Eα(z)Eβ(w) ∼ (α,β)E
α+β(w)
z − w , (B34)
where (denoting as γ = α+ β)
(α,β) =

(−1)α∗β (α,β,γ ∈ ∆+N )
(−1)β∗α (−α,−β,−γ ∈ ∆+N )
(−1)α∗β+1 (α,−β,γ ∈ ∆+N
or −α,β,γ ∈ ∆+N )
(−1)β∗α+1 (α,−β,−γ ∈ ∆+N
or −α,β,−γ ∈ ∆+N )
(B35)
The interchange z ↔ w with α ↔ β pick up two minus
signs from the single pole and (α,β), and thus they
are canceled. Therefore, the ladder operators Eα(z),
combined with the Cartan currents H l(z), give a faith-
ful representation of the SU(N)1 current algebra for the
holomorphic (right-moving) part, as given in Eqs. (128)-
(130).
The exponent of the cocycle factor (B30) can be writ-
ten as ipi
∑
l α
lPRl with the operator P
R
l defined in
Eq. (B16). Thus for a positive roots α of SU(N), the
currents Eα(z) are written in terms of the fields χ˜R(z)
as
E±α(z) =
1
xc
e±ipiα∗α/2e±iα·χ˜
R(z)
=
±i
xc
e±iα·χ˜
R(z), (B36)
where xc is a microscopic cutoff and we have used the
identity (B33) and the normalization |α|2 = 2. Here
the vertex operator in the right-hand side is not normal-
ordered and thus is exactly what appeared in the inter-
wire interaction (123). Applying a similar argument to
the vertex representation of the antiholomorphic (left-
moving) current algebra, we find
H¯ l(z¯) = i∂z¯χ˜
L
l (z¯),
E¯±α(z¯) =
±i
xc
e±iα·χ˜
L(z¯),
(B37)
for a positive root α. We also remark that from the
commutation relations (B5), the left and right currents
commute with each other since
eiα·χ˜
R(z)eiβ·χ˜
L(z¯) = e−2ipiα∗βeiβ·χ˜
L(z¯)eiα·χ˜
R(z), (B38)
and α ∗ β ∈ Z.
Appendix C: Vertex representations of energy-momentum tensors
We here prove the conformal embeddings given in Eqs. (77) and (141) by explicit calculations of the corresponding
energy-momentum tensors. In the following, we only focus on the right-moving sector, while the same results also
hold for the left-moving sector.
We first consider the energy-momentum tensor of the SU(N)1 WZW CFT. In the Sugawara form, it is given by
TSU(N)1(z) =
1
2(N + 1)
[
N−1∑
l=1
:H l(z)H l(z): +
∑
α∈∆N
:Eα(z)E−α(z):
]
, (C1)
35
where H l(z) and Eα(z) are SU(N)1 currents in the Cartan-Weyl basis. Their vertex representations are explicitly
obtained in Eq. (B20), (B25), and (B26). Substituting those vertex representations and applying the OPE (B18d),
we can easily find [46]
TSU(N)1(z) = −
1
2
:(∂zχ
R(z))2: . (C2)
The corresponding Hamiltonian is nothing but the right-moving sector of the SLL Hamiltonian given in Eq. (49) for
N = 3 and that in Eq. (126) for general N .
We next consider the energy-momentum tensor of the SU(N)k WZW CFT. We follow the discussion by Dunne,
Halliday, and Suranyi [87] with a slight modification on the cocycles. In terms of the SU(N)k currents, it is given by
TSU(N)k(z) =
1
2(N + k)
[
N−1∑
l=1
:Hl(z)Hl(z): +
∑
α∈∆N
:Eα(z)E−α(z):
]
. (C3)
Using Eqs. (151) and (152) and the vertex representations of the SU(N)1 currents, we obtain for a positive root α,
Hl(z) =
k∑
a=1
i∂zχ
R
l,a(z), (C4a)
Eα(z) =
k∑
a=1
cα(p
R
a ) :e
iα·χRa (z):, (C4b)
E−α(z) =
k∑
a=1
:e−iα·χ
R
a (z): c−α(pRa ). (C4c)
Substituting these expressions into Eq. (C3), we find
TSU(N)k =
1
2(N + k)
[
−
k∑
a,b=1
:∂zχ
R
a · ∂zχRb : −
1
2
k∑
a=1
∑
α∈∆N
:(α · ∂zχRa )2: +
∑
a 6=b
∑
α∈∆N
cα(p
R
a − pRb −α) :eiα·(χ
R
a−χRb ):
]
.
(C5)
Using the identity
∑
α∈∆N α
lαm = 2Nδlm and introducing the new fields [see Eq. (159)],
XRl =
1√
k
k∑
a=1
χRl,a, Y
R,µ
l =
k∑
a=1
Wµa χ
R
l,a, (C6)
we obtain
TSU(N)k =
1
2(N + k)
[
−(k +N) :(∂zXR)2: −N
k−1∑
µ=1
:(∂zY
R,µ)2: +
∑
a 6=b
∑
α∈∆N
cα(p
R
a − pRb −α) :eiα(Wa−Wb)·Y
R
:
]
.
(C7)
By using the fact that the vectors A = Wa −Wb for a 6= b form a set of roots of SU(k), we finally obtain
TSU(N)k = −
1
2
:(∂zX
R)2: +
1
2(N + k)
[
−N
k−1∑
µ=1
:(∂zY
R,µ)2: −
∑
α∈∆N
∑
A∈∆k
cAα (p
R
Y ) :e
iαA·YR :
]
, (C8)
where the cocycle factor for A has been calculated as
cα(pRa − pRb −α) = e−ipiα∗αcAα (pRY ), cAα (p) ≡ eipi
∑
µ A
µpµ∗α, (C9)
which depends only on the zero-mode momentum of YR,µ and thus commutes with XR. When the cocycle goes over
a vertex operator involving YR,µ, it gives a phase factor:
:eiαA·Y
R(z): cBβ (p
R
Y ) = e
−ipi(A·B)(α∗β)cBβ (p
R
Y ) :e
iαA·YR(z): (C10)
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Since the charge fields XR and the neutral fields YR,µ are decoupled in Eq. (C8), it can be naturally split into the
energy-momentum tensors of the [U(1)]N−1 and SU(N)k/[U(1)]N−1 CFTs as
TSU(N)k = T[U(1)]N−1 + TSU(N)k/[U(1)]N−1 . (C11)
Then we find
T[U(1)]N−1 = −
1
2
:(∂zX
R)2:, (C12)
TSU(N)k/[U(1)]N−1 =
1
2(N + k)
[
−N
k−1∑
µ=1
:(∂zY
R,µ)2: −
∑
α∈∆N
∑
A∈∆k
cAα (p
R
Y ) :e
iαA·YR :
]
. (C13)
The conformal embedding (141) further implies that
T[SU(N)1]k = T[U(1)]N−1 + TSU(N)k/[U(1)]N−1 + TSU(k)N/[U(1)]k−1 . (C14)
Thus a vertex representation of the energy-momentum tensor for the SU(k)N/[U(1)]
k−1 CFT may be obtained by
subtracting the two tensors (C12) and (C13) from that for the [SU(N)1]
k CFT. Using Eq. (C2), the energy-momentum
tensor for k copies of the SU(N)1 WZW CFT is given by
T[SU(N)1]k = −
1
2
k∑
a=1
:(∂zχ
R
a )
2: . (C15)
It can be further written in terms of XR and YR,µ as
T[SU(N)1]k = −
1
2
:(∂zX
R)2: −1
2
k−1∑
µ=1
:(∂zY
R,µ)2: . (C16)
Hence we find
TSU(k)N/[U(1)]k−1 =
1
2(N + k)
[
−k
k−1∑
µ=1
:(∂zY
R,µ)2: +
∑
α∈∆N
∑
A∈∆k
cAα (p
R
Y ) :e
iαA·YR :
]
. (C17)
Now the cocycle factor combined with a coordinate-free part of :eiαA·Y
R
: [cf. Eq. (B10)],
cˆAα (p
R
Y ) ≡ −cAα (pRY )eiαA·q
R
Y , (C18)
satisfies the same algebraic properties as given in Eq. (C.6) of Ref. [87]. Therefore, one can show by the same argument
in Ref. [87] that the above vertex representations of the energy-momentum tensors fulfill the OPEs [46],
T (z)T (w) ∼ c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂wT (w)
z − w . (C19)
The central charge of each CFT is given by
c[SU(N)1]k = k(N − 1), (C20a)
c[U(1)]N−1 = N − 1, (C20b)
cSU(N)k/[U(1)]N−1 =
N(N − 1)(k − 1)
N + k
, (C20c)
cSU(k)N/[U(1)]k−1 =
k(k − 1)(N − 1)
N + k
. (C20d)
Appendix D: Vertex representation of SU(N)k/[U(1)]
N−1 parafermionic fields
We here explicitly construct the vertex representations of Gepner parafermionic fields of the SU(N)k/[U(1)]
N−1
CFT [52]. When the SLL Hamiltonian is fine-tuned to be k copies of the SU(N)1 WZW CFT in each wire, the
interwire interactions can be identified as products of left- and right-moving parafermionic fields in neighboring wires.
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1. Vertex representation
In terms of the charge and neutral fields in Eq. (C6), the vertex representations of the SU(N)k currents (C4) are
given by
Eα(z) =
k∑
a=1
cα
(
pRX√
k
)
cWaα (p
R
Y ) :e
i√
k
α·XR(z)+iαWa·YR(z):
= cα
(
pRX√
k
)
:e
i√
k
α·XR(z)
: Ψ˜α,1(z), (D1)
for positive roots α ∈ ∆+N , where pRX is the zero-mode momentum of XR. Here we have defined the unnormalized
parafermionic operator,
Ψ˜α,1(z) =
∑
W∈[W1]
cWα (p
R
Y ) :e
iαW·YR(z): . (D2)
We have also used the fact that the weights Wa belong to the first antisymmetric representation of SU(k), which
is characterized by the highest weight W1 under the specific choice of Wa in Eq. (161). We similarly define the
parafermionic operator Ψ˜−α,1 for a negative root −α as
Ψ˜−α,1(z) =
∑
W∈[W1]
:e−iαW·Y(z): cW−α(pY ), (D3)
through the SU(N)k current for −α,
E−α(z) = Ψ˜−α,1(z) :e− i√kα·XR(z): c−α
(
pRX√
k
)
. (D4)
The above definition indicates that Ψ˜α,1† = Ψ˜−α,1.
The normalization of Ψ˜α,1 is fixed by demanding that the leading singularity of the OPE Ψ˜α,1(z)Ψ˜−α,1(w) has a
unity coefficient. This OPE is shown later along with the Gepner parafermionic algebra. As a result, the normalized
parafermionic operator is given by
Ψα,1(z) =
1√
k
∑
W∈[W1]
cWα (p
R
Y ) :e
iαW·YR(z):, (D5)
for α ∈ ∆+N . In terms of the fields Y˜R,µ used in the main text, we can further write it as
Ψα,1(z) =
e
ipi
2 (1− 1k )
√
kx
1− 1k
c
∑
W∈[W1]
eiαW·Y˜
R(z). (D6)
This gives the vertex representations in Eqs. (88) and (165). Combining with
cα
(
pRX√
k
)
:e
i√
k
α·XR(z)
: =
eipi/2k
x
1/k
c
e
i√
k
α·X˜R(z)
, (D7)
we find
Eα(z) =
√
keipi/2k
x
1/k
c
e
i√
k
α·X˜R(z)
Ψα,1(z). (D8)
This gives Eqs. (87) and (164). Similar expressions for Ψ−α,1 are simply given by the Hermitian conjugates of those
for Ψα,1.
We so far consider only the right-moving sector. From Eq. (B7), the parafermion in the left-moving sector must
involve the parafermionic cocycle with the zero-mode momentum of the right-moving field, which is of the form
cWα (2p
R
Y ). Despite this additional factor, the remaining discussion in this appendix similarly holds for the left-moving
parafermionic fields, since the associated phase factor always appears in the form e2ipi(A·W)(α∗β) = 1 and thus does
not play any role. When we consider the interwire interaction, which is the left-right product of parafermionic fields,
we do not need to care about this factor since the left and right parafermionic fields come from different wires. On
the other hand, we need a special care for the intrawire interaction which involves left and right fields from the same
wire, as discussed in the next appendix.
38
2. Ψ is primary
Here we prove that Ψ˜α,1 is a primary field of the SU(N)k/[U(1)]
N−1 CFT. A similar procedure is also applied to
Ψ˜−α,1. Let us calculate the OPE with the energy-momentum tensor (C13),
TSU(N)k/[U(1)]N−1(z)Ψ˜
β,1(w)
=
1
2(N + k)
[
−N
k−1∑
µ=1
:(∂zY
R,µ(z))2: Ψ˜β,1(w)−
∑
α∈∆N
∑
A∈∆k
cAα (p
R
Y ) :e
iαA·YR(z): Ψ˜β,1(w)
]
≡ 1
2(N + k)
[−NOCΨ(z, w)−OLΨ(z, w)] . (D9)
The following calculation takes a similar way to Ref. [87] for N = 2 but we here explicitly keep the parafermionic
cocycles for N ≥ 3. Using
k−1∑
µ=1
:(∂zY
R,µ(z))2::eiβW·Y
R(w): ∼ −|β|
2|W|2 :eiβW·YR(w):
(z − w)2 −
2 :∂we
iβW·YR(w):
z − w , (D10)
and |β|2|W|2 = 2(1− 1/k), the OPE with the Cartan part, OCΨ, is given by
OCΨ(z, w) ∼ 2(1/k − 1)
(z − w)2 Ψ˜
β,1(w)− 2
z − w∂wΨ˜
β,1(w). (D11)
Using Eq. (B18d), the OPE with the ladder part, OLΨ, is given by
OLΨ(z, w) ∼
∑
α∈∆N
∑
A∈∆k
∑
W∈[W1]
e−ipi(A·W)(α∗β)
(z − w)−(α·β)(A·W) c
A
α (p
R
Y )c
W
β (p
R
Y ) :e
iαA·YR(z)+iβW·YR(w): . (D12)
Thus the singular parts will appear when one of the following conditions is satisfied: (i) α · β = 2 and A ·W = −1,
(ii) α · β = −2 and A ·W = 1, (iii) α · β = 1 and A ·W = −1, or (iv) α · β = −1 and A ·W = 1. For the case (i),
since α = β, Eq. (D12) can be written as
O(i)LΨ(z, w) ∼
∑
A∈∆k
∑
W∈[W1]
A·W=−1
eipiβ∗β
(z − w)2 c
A
β (p
R
Y )c
W
β (p
R
Y ) :e
iβA·YR(z)+iβW·YR(w):
∼ −
∑
A∈∆k
∑
W∈[W1]
A·W=−1
cA+Wβ (p
R
Y )
[
:eiβ(A+W)·Y
R(w):
(z − w)2 +
:iβA · ∂wYR(w)eiβ(A+W)·YR(w):
z − w
]
. (D13)
Using the identities for an arbitrary scalar function f and vector function f ,∑
A∈∆k
∑
W∈[W1]
A·W=−1
f(A + W) = (k − 1)
∑
W∈[W1]
f(W),
∑
A∈∆k
∑
W∈[W1]
A·W=−1
A · f(A + W) = k
∑
W∈[W1]
W · f(W),
(D14)
Eq. (D13) is finally written as
O(i)LΨ(z, w) ∼
1− k
(z − w)2 Ψ˜
β,1(w)− k
z − w∂wΨ˜
β,1(w). (D15)
Since the case (ii) is obtained by α→ −α and A→ −A in the case (i), it yields the same contribution as Eq. (D15).
For the case (iv), Eq. (D12) is written as
O(iv)LΨ (z, w) ∼
∑
α∈∆N
α·β=−1
∑
A∈∆k
∑
W∈[W1]
A·W=1
e−ipiα∗β
z − w c
A
α (p
R
Y )c
W
β (p
R
Y ) :e
i(αA+βW)·YR(w): (D16)
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In fact, thanks to the parafermionic cocycle, the contributions from the cases (iii) and (iv) identically vanish. One
way to recognize this is to notice that the condition (iv) is equivalently written as α+ β ∈ ∆N and W −A ∈ [W1].
Thus we can change the variables as α → α − β and W → A + W. This change yields the same condition as (iii)
and hence Eq. (D16) becomes
O(iv)LΨ (z, w) ∼
∑
α∈∆N
α·β=1
∑
A∈∆k
∑
W∈[W1]
A·W=−1
e−ipi(α−β)∗β
z − w c
A
α−β(p
R
Y )c
A+W
β (p
R
Y ) :e
i[(α−β)A+β(A+W)]·YR(w):
∼
∑
α∈∆N
α·β=1
∑
A∈∆k
∑
W∈[W1]
A·W=−1
−e−ipiα∗β
z − w c
A
α (p
R
Y )c
W
β (p
R
Y ) :e
i(αA+iβW)·YR(w): . (D17)
Since the parafermionic cocycle picks up an extra minus sign, Eq. (D17) is exactly canceled with the contribution
from the case (iii). Combining with Eqs. (D11) and (D15), we finally obtain
TSU(N)k/[U(1)]N−1(z)Ψ˜
β,1(w) ∼ 1− 1/k
(z − w)2 Ψ˜
β,1(w) +
1
z − w Ψ˜
β,1(w). (D18)
This indicates that Ψ˜β,1 is a primary field of the SU(N)k/[U(1)]
N−1 CFT with conformal weight 1− 1/k. Following
the above procedure, it is also straightforward to show that
TSU(k)N/[U(1)]k−1(z)Ψ˜
β,1(w) ∼ 0. (D19)
Thus the parafermion Ψ˜α,1 is independent of the SU(k)N/[U(1)]
k−1 CFT.
3. Gepner parafermionic algebra
The OPE of Ψ˜α,1 generates the parafermionic algebra generalized to SU(N) by Gepner [52]. To obtain the closed
form, we further define the parafermions associated with the I-th antisymmetric representation of SU(k),
Ψ˜α,I(z) =
∑
W∈[W˜I ]
cWα (p
R
Y ) :e
iαW·YR(z):, (D20)
where the corresponding highest weight is given by
W˜I =
I∑
a=1
Wa, (D21)
upon the choice in Eq. (161). In our convention, we multiply the parafermionic cocycle from the left side of the
vertex operator when α is a positive root of SU(N) after we fix the representation of SU(k), while the cocycle is
multiplied from the right side when α is a negative root. By a straightforward application of the above analysis,
one can show that Ψ˜α,I is a primary field of the SU(N)k/[U(1)]
N−1 CFT with conformal weight I(k − I)/k. The
parafermion associated with a positive root α and [W˜I ] is related to that with the negative root −α and the conjugate
representation [W˜k−I ] by
Ψ˜±α,I(z) = e±ipiI(k−I)/kΨ˜∓α,k−I(z), (D22)
since [W˜I ] = −[W˜k−I ]. Keeping only the most singular part, the OPE system is given as follows: The OPE of Ψα,I
with its conjugate is given by
Ψ˜α,I(z)Ψ˜−α,I(w) ∼ k!/I!(k − I)!
(z − w)2I(k−I)/k . (D23)
This fixes the appropriate normalization of Ψ˜α,I , which is given by
√
I!(k − I)!/k!. For I + J < k and α ∈ ∆+N ,
Ψ˜±α,I(z)Ψ˜±α,J(w) ∼ (I + J)!
I!J !
e±ipiIJ/k
(z − w)2IJ/k Ψ˜
±α,I+J(w). (D24)
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For I > J and α ∈ ∆+N ,
Ψ˜±α,I(z)Ψ˜∓α,J(w) ∼ (k − I + J)!
(k − I)!J !
e±ipiJ(J−I)/k
(z − w)2(k−I)J/k Ψ˜
±α,I−J(w). (D25)
For α and β such that γ = α+ β ∈ ∆N ,
Ψ˜α,I(z)Ψ˜β,I(w) ∼ e
ipiC(α,β)I(k−I)/k
(z − w)I(k−I)/k Ψ˜
γ,I(w), (D26)
where
C(α,β) =

−α ∗ β (α,β,γ ∈ ∆+N )
β ∗α (−α,−β,−γ ∈ ∆+N )
−α ∗ β − 1 (α,−β,γ ∈ ∆+N or −α,β,γ ∈ ∆+N )
β ∗α+ 1 (α,−β,−γ ∈ ∆+N or −α,β,−γ ∈ ∆+N )
(D27)
These OPEs coincide with those obtained in Ref. [87] up to the normalization and the phase factors appearing from
the parafermionic cocycle.
Appendix E: Vertex representation of SU(k)N/[U(1)]
k−1 parafermionic fields
Similarly to Appendix D, we construct the vertex representations of Gepner parafermionic fields of the
SU(k)N/[U(1)]
k−1 CFTs [52]. Now the intrawire interactions are identified as those parafermionic fields when the
SLL Hamiltonian is fine-tuned. In contrast to the previous case, there are no decompositions of the intrawire inter-
actions into left- and right-moving parafermionic fields for N ≥ 3, while we can decompose them into chiral primary
fields. Nevertheless, we show that the intrawire interactions themselves behave as nonchiral products of left- and
right-moving parafermionic fields.
1. Vertex representation in the chiral sector
For each chiral sector of the SU(k)N/[U(1)]
k−1 CFT, we find that the following vertex representation becomes a
primary field with conformal weight 1− 1/N :
ΞA(z) =
N∑
σ=1
e−ikσcAωσ (p
R
Y ) :e
iωσA·YR(z):, (E1)
where A is a root of SU(k) and ωσ constitutes the fundamental representation of SU(N). The phases kσ are
determined later. For N = 2, the parafermionic cocycle is redundant so that this operator simply reduces to the
operator defined in Eq. (4.21) of Ref. [7] up to the phase factor, which is the SU(k)2/[U(1)]
k−1 parafermionic field
associated with a root of SU(k). For N ≥ 3, the operator ΞA has the same conformal weight 1 − 1/N as those of
the Gepner parafermionic fields associated with the first or (N − 1)-th antisymmetric representations. However, it
appears that the operator does not generate the parafermionic algebra for N ≥ 3; operators generated by the OPE
of ΞA with itself is not primary.
2. Chiral field Ξ is primary
As before, we examine the OPE with the energy-momentum tensor (C17),
TSU(k)N/[U(1)]k−1(z)Ξ
B(w) =
1
2(N + k)
[
−k
k−1∑
µ=1
:(∂zY
R,µ(z))2: ΞB(w) +
∑
α∈∆N
∑
A∈∆k
cAα (p
R
Y ) :e
iαA·YR(z): ΞB(w)
]
=
1
2(N + k)
[−kOCΞ(z, w) +OLΞ(z, w)] . (E2)
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We again separately consider the OPEs of ΞB with the Cartan part and the ladder part of the energy-momentum
tensor. The Cartan part OCΞ can be easily found to be
OCΞ(z, w) ∼ 2(1/N − 1)
(z − w)2 Ξ
B(w)− 2
z − w∂wΞ
B(w), (E3)
where we have used |ωσ|2|B|2 = 2(1− 1/N). Using Eq. (B18d), the ladder part OLΞ is written as
OLΞ(z, w) ∼
∑
α∈∆N
∑
A∈∆k
N∑
σ=1
e−ikσ−ipi(A·B)(α∗ωσ)
(z − w)−(α·ωσ)(A·B) c
A
α (p
R
Y )c
B
ωσ (p
R
Y ) :e
iαA·YR(z)+iωσB·YR(w): . (E4)
Then we separately treat four cases that give rise to singular terms: (i) α ·ωσ = −1 and A ·B = 2, (ii) α ·ωσ = 1 and
A ·B = −2, (iii) α ·ωσ = −1 and A ·B = 1, or (iv) α ·ωσ = 1 and A ·B = −1. For the case (i), we can equivalently
write α = ωρ − ωσ with ρ 6= σ and A = B. Hence we have
O(i)LΞ(z, w) ∼
N∑
ρ=1
∑
σ 6=ρ
e−ikσ−2ipi(ωρ−ωσ)∗ωσcBωρ(p
R
Y )
[
:eiωρB·Y
R(w):
(z − w)2 +
:i(ωρ − ωσ)B · ∂wYR(w)eiωρB·YR(w):
z − w
]
. (E5)
Thus if the phase kσ satisfies
kρ − kσ = 2pi(ωρ − ωσ) ∗ ωσ mod 2pi, (E6)
O(i)LΞ can be written in terms of ΞB.
We here show the solution of Eq. (E6) for the specific choice of the weights ωσ in Eq. (A3). Let us define
Ωρσ ≡ (ωρ − ωσ) ∗ ωσ. (E7)
Obviously Ωρρ = 0. We first consider the upper-triangular elements of the N -dimensional matrix Ω. Denoting
σ = ρ+ n (1 ≤ n ≤ N − ρ), we can write
ωρ − ωσ = ωρ − ωρ+n =
n−1∑
m=0
α˜ρ+m, (E8)
where α˜σ (1 ≤ σ ≤ N − 1) are simple roots of SU(N) given in Eq. (A7). Then we find
Ωρ,ρ+n =
n−1∑
m=0
α˜σ+m ∗ ωρ+n
=
1
2
N−1∑
λ,λ′=1
n−1∑
m=0
(ωλ · α˜ρ+m)(ωλ′ · ωρ+n)Mλλ′ . (E9)
Since we can choose half of the interaction matrix M to be the upper unitriangular matrix G in Eq. (A10), the above
equation can be expressed in terms of the fundamental weights of SU(N), ω˜σ, defined in Eq. (A12). Thus we have
Ωρ,ρ+n =
N−1∑
λ′=1
n−1∑
m=0
(ω˜λ′ · α˜ρ+m)(ωλ′ · ωρ+n)
=
n−1∑
m=0
ωρ+m · ωρ+n
= − n
N
, (E10)
where we have used the orthogonality between α˜σ and ω˜σ. Similarly, the lower-triangular elements of Ω are given by
Ωσ+n,σ =
n
N
− 1 (1 ≤ n ≤ N − σ). (E11)
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Finally Eq. (E6) is reduced to
kρ − kσ = 2pi(ρ− σ)
N
mod 2pi, (E12)
and therefore we find
kσ =
2piσ
N
mod 2pi. (E13)
We expect that there always exists a solution of Eq. (E6) for any choice of ωσ and M. By taking the solution of
Eq. (E6), we reach the final expression of O(i)LΞ:
O(i)LΞ(z, w) ∼
N − 1
(z − w)2 Ξ
B(w) +
N
z − w∂wΞ
B(w). (E14)
The case (ii) precisely produces the same expression.
Under the condition (iii), OLΞ is expressed as
O(iii)LΞ (z, w) ∼
N∑
σ=1
∑
ρ 6=σ
∑
A∈∆k
A·B=1
e−ikσ−ipi(ωρ−ωσ)∗ωσ
z − w c
A
ωρ−ωσ (p
R
Y )c
B
ωσ (p
R
Y ) :e
i[(ωρ−ωσ)A+ωσB]·YR(w):, (E15)
where we have rewritten the root α as α = ωρ − ωσ with ρ 6= σ. Using Eq. (E6), the phase factor is written as
e−ikσ−ipi(ωρ−ωσ)∗ωσ = e−ikρ+ipi(ωρ−ωσ)∗ωσ . (E16)
Furthermore, the condition α · ωσ = −1 equivalently means that α · ωρ = 1. Thus we can write
O(iii)LΞ (z, w) ∼
N∑
ρ=1
∑
α∈∆N
α·ωρ=1
∑
A∈∆k
A·B=1
e−ikρ+ipiα∗(ωρ−α)
z − w c
A
α (p
R
Y )c
B
ωρ−α(p
R
Y ) :e
i[αA+(ωρ−α)B]·YR(w): . (E17)
Since A ·B = 1 indicates that A−B ∈ ∆k, we can change the summation variable as A→ A+B while the constraint
becomes A ·B = −1. Then we finally obtain
O(iii)LΞ (z, w) ∼
N∑
ρ=1
∑
α∈∆N
α·ωρ=1
∑
A∈∆k
A·B=−1
e−ikρ+ipiα∗ωρ−ipiα∗α
z − w c
A
α (p
R
Y )c
B
ωρ(p
R
Y ) :e
i(αA+ωρB)·YR(w): . (E18)
Except for a minus sign e−ipiα∗α = −1, this expression coincides with the contribution from OLΞ under the condition
(iv). Hence they are canceled. Then we finally obtain
TSU(k)N/[U(1)]k−1(z)Ξ
B(w) ∼ 1− 1/N
(z − w)2 Ξ
B(w) +
1
z − w∂wΞ
B(w). (E19)
Therefore, ΞB gives the vertex representation for a primary field of the SU(k)N/[U(1)]
k−1 CFT with conformal weight
1− 1/N . We can also show that
TSU(N)k/[U(1)]N−1(z)Ξ
B(w) ∼ 0. (E20)
Thus the operator ΞB is independent of the SU(N)k/[U(1)]
N−1 CFT.
We can also generate an operator associated with the second antisymmetric representation of SU(N) for N ≥ 3
by using the OPE of ΞA with itself. While such an operator is naively expected to be the second parafermionic field
of the SU(k)N/[U(1)]
k−1 CFT, the operator is in fact not the primary field. A suitable linear combination of ΞA
and its conjugate may give a proper vertex representation for the SU(k)N/[U(1)]
k−1 first parafermionic field, which
generates the full parafermionic algebra, while we were not aware of such possibility.
Presumably, we cannot construct the faithful vertex representations for the chiral SU(k)N/[U(1)]
k−1 parafermions
for N ≥ 3 by some intrinsic reasons. For example, a subtlety on the construction of the SU(2)N/U(1) parafermion
from the [SU(N)1]
2/SU(N)2 CFT has already been implied from the mismatch between the compactifications of
field and lattice [110]. This problem may also be related to the fact that we cannot construct the faithful vertex
representations of chiral SU(N)1 primary fields unless supplementing with extra zero modes [112]. The addition
of the zero modes requires an extension of the Hilbert space beyond the physical one and thus does not suit to
our analysis. We below instead construct the nonchiral vertex representations of those primary fields, which indeed
generate the parafermionic algebra.
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3. Vertex representation in the nonchiral sector
We here consider the left-right product of the primary fields of the SU(k)N/[U(1)]
k−1 CFT. The primary field in
the right-moving sector is defined in Eq. (E1), while that in the left-moving sector is given by
Ξ¯A(z¯) =
N∑
σ=1
e−ikσcAωσ (p
L
Y + 2p
R
Y ) :e
iωσA·YL(z¯): . (E21)
Below we show that the intrawire interactions given in Eqs. (92) and (170) are precisely written in terms of the
product ΞA(z)Ξ¯A†(z¯). Since both left and right primary fields belong to the same wire, we need a care about the
parafermionic cocycle with pR,µY involved in Ξ¯
A when we split the exponentials. We then find
N∑
s,s′=1
Ou,ss′A (z, z¯) =
N∑
s,s′=1
:eiωsA·Y˜
R(z)−iωs′A·Y˜L(z¯):
=
N∑
s,s′=1
e−ipi(ωs∗ωs−ωs′∗ωs′+2ωs∗ωs′ )cAωs(p
R
Y ) :e
iωsA·YR(z)::e−iωs′A·Y
L(z¯): cA−ωs′ (p
L
Y + 2p
R
Y ). (E22)
In order to see that the phase factor eikσ is recovered due to the parafermionic cocycle, let us examine ωs ∗ ωs by
explicit calculations. For 1 ≤ s ≤ N − 1, we obtain
ωs ∗ ωs =
N−1∑
σ,σ′=1
(ωσ · ωs)(ωσ′ · ωs)Mσσ
′
2
=
N−1∑
σ,σ′=1
(
δσs − 1
N
)(
δσ′s − 1
N
)
Mσσ′
2
=
N − 1
2N
. (E23)
For s = N , we obtain
ωN ∗ ωN = 1
2N2
N−1∑
σ,σ′=1
Mσσ′ =
N − 1
2N
. (E24)
Thus ωs ∗ ωs is independent of s. Substituting this into the solution of ks in Eq. (E6), we find
ks − ks′ = 2piωs ∗ ωs′ − pi(N − 1)
N
mod 2pi. (E25)
Equation (E22) is finally written as
N∑
s,s′=1
Ou,ss′A (z, z¯) = eipi(1−N)/NΞA(z)Ξ¯A†(z¯). (E26)
Therefore the intrawire interaction is an SU(k)N/[U(1)]
k−1 primary field with scaling dimension 2(1− 1/N). In fact,
the interaction is now a vertex representation of the nonchiral SU(k)N/[U(1)]
k−1 parafermion as we will demonstrate
below.
4. Nonchiral product Υ is parafermion
We now consider the left-right product of the operator ΞA and its conjugate,
ΥA,1(z, z¯) ≡ ΞA(z)Ξ¯A†(z¯)
=
N∑
σ,ρ=1
e−ikσ+ikρcAωσ (p
R
Y ) :e
iωσA·YR(z)::e−iωρA·Y
L(z¯): cA−ωρ(p
L
Y + 2p
R
Y ). (E27)
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Here we show that this operator is the (unnormalized) first parafermion generating a nonchiral version of the Gepner
parafermionic algebra. To do so, we first consider the OPE of ΥA,1 with itself to confirm that it generates the second
parafermion. Keeping only the most singular part, we find
ΥA,1(z, z¯)ΥA,1(w, w¯) ∼ 1|z − w|4/N
∑
σ1 6=σ2
∑
ρ1 6=ρ2
e−i(kσ1+kσ2−kρ1−kρ2 )−2ipi(ωσ1∗ωσ2−ωρ2∗ωρ1+2ωσ2∗ωρ1 )cAωσ1+ωσ2 (p
R
Y )
× :ei(ωσ1+ωσ2 )A·YR(w)::e−i(ωρ1+ωρ2 )A·YL(w¯): cA−ωρ1−ωρ2 (p
L
Y + 2p
R
Y ). (E28)
A crucial observation at this point is that the phase factor arising from the parafermionic cocycle makes the whole
expression symmetric under σ1 ↔ σ2 or ρ1 ↔ ρ2. This can be understood by substituting the explicit expressions of
ωσ ∗ ωρ [see Eqs. (E10), (E11), (E23), and (E24)];
ωσ1 ∗ ωσ2 − ωρ2 ∗ ωρ1 + 2ωσ2 ∗ ωρ1 =
1
N
(σ1 + σ2 − ρ1 − ρ2 +N − 1). (E29)
This symmetric property does not hold for the operator generated by the OPE ΞA(z)ΞA(w). Therefore we can write
Eq. (E28) as
ΥA,1(z, z¯)ΥA,1(w, w¯) ∼ 4e
2ipi/N
|z − w|4/N Υ
A,2(w, w¯), (E30)
where
ΥA,2(z, z¯) =
∑
ω,ω′∈[ω˜2]
e
iκ
(2)
ω,ω′ cAω (p
R
Y ) :e
iωA·YR(z)::e−iω
′A·YL(z¯): cA−ω′(p
L
Y + 2p
R
Y ), (E31)
where the phase κ is explicitly given by
κ
(2)
ω,ω′ = −
4pi
N
(σ1 + σ2 − ρ1 − ρ2), (E32)
for ω = ωσ1 + ωσ2 and ω
′ = ωρ1 + ωρ2 .
We next show that the operator ΥA,2 is a primary field of the SU(k)N/[U(1)]
k−1 CFT. We write the OPE of ΥA,2
with the energy-momentum tensor in the right-moving sector as
TSU(k)N/[U(1)]k−1(z)Υ
B,2(w, w¯) =
1
2(N + k)
[−kOCΥ(z, w, w¯) +OLΥ(z, w, w¯)] . (E33)
The Cartan part is evaluated as
OCΥ(z, w, w¯) ∼ −4(N − 2)/N
(z − w)2 Υ
B,2(w, w¯)− 2∂wΥ
B,2(w, w¯)
z − w , (E34)
where we have used |ω|2 = I(N − I)/N for ω ∈ [ω˜I ]. The ladder part is written as
OLΥ(z, w, w¯) ∼
∑
α∈∆N
∑
A∈∆k
∑
ω,ω′∈[ω˜2]
e
iκ
(2)
ω,ω′−ipi(A·B)(α∗ω)
(z − w)−(A·B)(α·ω) c
A
α (p
R
Y )c
B
ω (p
R
Y ) :e
iαA·YR(z)+iωB·YR(w):
× :e−iω′B·YL(w¯): cB−ω′(pLY + 2pRY ). (E35)
Singular contributions to the ladder part only come from the two cases (i) A ·B = 2 and α ·ω = −1 or (ii) A ·B = −2
and α ·ω = 1. Other contributions vanish by the same logic as discussed before. The case (i) equivalently means that
A = B and α+ ω ∈ [ω˜2]. The most important step is to check that the phase factor in Eq. (E35) exactly produces
κ
(2)
α+ω,ω′ . If we write ω = ωσ1 + ωσ2 and ω
′ = ωρ1 + ωρ2 and choose α = ωλ − ωσ1 (λ 6= σ1, σ2), the corresponding
phase is explicitly calculated as
κ
(2)
ω,ω′ − 2piα ∗ ω = −
4pi
N
(σ1 + σ2 − ρ1 − ρ2)− 2pi
N
(2λ− 2σ1)
= −4pi
N
(λ+ σ2 − ρ1 − ρ2)
= κ
(2)
α+ω,ω′ . (E36)
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Thus Eq. (E35) is reduced to
O(i)LΥ(z, w, w¯) ∼
∑
ω,ω′∈[ω˜2]
∑
α∈∆N
α·ω=−1
e
iκ
(2)
α+ω,ω′ cBα+ω(p
R
Y )
[
:ei(α+ω)B·Y
R(w):
(z − w)2 +
:iαB · ∂wYR(w)ei(α+ω)B·YR(w):
z − w
]
× :e−iω′B·YL(w¯): cB−ω′(pLY + 2pRY ). (E37)
Using the combinatorial identities (see also Ref. [87]),∑
ω∈[ω˜I ]
∑
α∈∆N
α·ω=−1
f(α+ ω) = I(N − I)
∑
ω∈[ω˜I ]
f(ω),
∑
ω∈[ω˜I ]
∑
α∈∆N
α·ω=−1
α · f(α+ ω) = N
∑
ω∈[ω˜I ]
ω · f(ω),
(E38)
we find
O(i)LΥ(z, w, w¯) ∼
2(N − 2)
(z − w)2 Υ
B,2(w, w¯) +
N
z − w∂wΥ
B,2(w, w¯). (E39)
The case (ii) also produces the same contribution. We finally obtain
TSU(k)N/[U(1)]k−1(z)Υ
B,2(w, w¯) ∼ 2(N − 2)/N
(z − w)2 Υ
B,2(w, w¯) +
1
z − w∂wΥ
B,2(w, w¯). (E40)
The OPE of ΥB,2 with the energy-momentum tensor in the left-moving sector,
T¯SU(k)N/[U(1)]k−1(z¯) =
1
2(N + k)
[
−k
N−1∑
µ=1
:(∂z¯Y
R,µ(z¯))2: +
∑
α∈∆N
∑
A∈∆k
cAα (p
L
Y + 2p
R
Y ) :e
iαA·YL(z¯):
]
, (E41)
can also be calculated in a similar way aside from a slightly different form of the phase factor. As a result, we find
T¯SU(k)N/[U(1)]k−1(z¯)Υ
B,2(w, w¯) ∼ 2(N − 2)/N
(z¯ − w¯)2 Υ
B,2(w, w¯) +
1
z¯ − w¯ ∂w¯Υ
B,2(w, w¯). (E42)
Therefore the operator ΥA,1 is a primary field of the SU(k)N/[U(1)]
k−1 CFT with conformal weight 2(N − 2)/N in
both right- and left-moving sectors. This operator will serve as a vertex representation of a nonchiral product of the
SU(k)N/[U(1)]
k−1 parafermions associated with the second antisymmetric representation of SU(N) [52].
5. Gepner parafermionic algebra
We can generally define the nonchiral parafermion with the I-th antisymmetric representation of SU(N) as
ΥA,I(z, z¯) =
∑
ω,ω′∈[ω˜I ]
e
iκ
(I)
ω,ω′ cAω (p
R
Y ) :e
iωA·YR(z)::e−iω
′A·YL(z¯): cA−ω′(p
L
Y + 2p
R
Y ), (E43)
where the phase is given by
κ
(I)
ω,ω′ = −
2piI
N
I∑
n=1
(σn − ρn), (E44)
for ω = ωσ1 + · · · + ωσI and ω′ = ωρ1 + · · · + ωρI . Following the above proof, we can show that ΥA,I is a primary
field of the SU(k)N/[U(1)]
k−1 CFT with right and left conformal weights I(N − I)/N . The Hermitian conjugate of
Eq. (E43) corresponds to the conjugate representation of SU(N):
ΥA,I†(z, z¯) = e−2ipiI(N−I)/NΥA,N−I(z, z¯). (E45)
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These parafermionic fields may constitute a nonchiral version of the Gepner parafermionic algebra, which is given as
follows. The OPE of ΥA,I with its conjugate is given by
ΥA,I(z, z¯)ΥA,I†(w, w¯) ∼
[
N !
I!(N − I)!
]2
1
|z − w|4I(N−I)/N . (E46)
This gives a proper normalization constant for ΥA,I , which is read off as I!(N − I)!/N !. For I + J < N ,
ΥA,I(z, z¯)ΥA,J(w, w¯) ∼
[
(I + J)!
I!J !
]2
e2ipiIJ/N
|z − w|4IJ/N Υ
A,I+J(w, w¯). (E47)
For I > J ,
ΥA,I(z, z¯)ΥA,J†(w, w¯) ∼
[
(N − I + J)!
(N − I)!J !
]2
e2ipiJ(J−I)/N
|z − w|4(N−I)J/N Υ
A,I−J(w, w¯). (E48)
For A + B ∈ ∆k,
ΥA,I(z, z¯)ΥB,I(w, w¯) ∼ e
ipiI2(N−1)/N
|z − w|2I(N−I)/N Υ
A+B,I(w, w¯). (E49)
Therefore we find vertex representations of the nonchiral products of the Gepner parafermions in the
SU(k)N/[U(1)]
k−1 CFT.
6. Decomposition into SU(N)1 primary fields
For a given weight of SU(k), A = Wa −Wb, we can express the unnormalized nonchiral parafermionic field (E27)
as
ΥA,1(z, z¯) = eipi(N−1)/NTr
[
ga(z, z¯)g
†
b(z, z¯)
]
, (E50)
where the N × N matrix field ga corresponds to the primary field of the SU(N)1 WZW CFT associated with the
copy a and has scaling dimension 1− 1/N . The explicit vertex representation of ga is given by
ga,ss′(z, z¯) = e
iωs·χ˜Ra (z)−iωs′ ·χ˜La (z¯)
= e−ipiωs∗ωs′ cωs(p
R
a ) :e
iωs·χRa (z)::e−iωs′ ·χ
L
a (z¯): c−ωs′ (p
L
a + 2p
R
a ). (E51)
One can show that these fields satisfy the following OPEs with the right-moving SU(N)1 currents associated with
the copy a [see Eqs. (B20), (B25), and (B26)],
H la(z)ga,ss′(w, w¯) ∼
ωls
z − wga,ss′(w, w¯),
Eαa (z)ga,ss′(w, w¯) ∼

1
z − wga,rs′(w, w¯) if α = ωr − ωs (r < s)
0 otherwise
E−αa (z)ga,ss′(w, w¯) ∼

−1
z − wga,rs′(w, w¯) if α = ωs − ωr (r > s)
0 otherwise
(E52)
Therefore ga transforms in the fundamental representation of SU(N) under the action of the right-moving SU(N)1
currents. Since the OPEs with the left-moving currents are similarly obtained except for an overall minus sign, ga
transforms in the conjugate representation of SU(N) under the action of the left-moving currents. This in turn
indicates that ga is the primary field of the SU(N)1 WZW CFT [46]. We also mention that the intrawire interaction
(170) is simply expressed as
Ou,ss′A (z, z¯) = (ga)ss′(z, z¯)(g†b)s′s(z, z¯). (E53)
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Appendix F: Interactions for the generalized NASS states
We show several technical details on the construction of the non-Abelian FQH states at ν = k(N−1)/[N+k(N−1)m]
discussed in Sec. VI.
1. Explicit forms of intrawire interactions
The intrawire interactions Ou,ss′j,12 for the NASS state at ν = 4/(4m+ 3) are explicitly given by
Ou,11j,12 = exp 2i(θj,↑,1 − θj,↑,2),
Ou,12j,12 = exp i
[
ϕj,↑,1 − ϕj,↓,1 − ϕj,↑,2 + ϕj,↓,2 + (m+ 2)(θj,↑,1 + θj,↓,1 − θj,↑,2 − θj,↓,2)
]
,
Ou,13j,12 = exp i
[
ϕj,↑,1 − ϕj,↑,2 +m(θj,↑,1 + θj,↑,2) + 2mθj,↓,1
]
,
Ou,21j,12 = exp i
[−ϕj,↑,1 + ϕj,↓,1 + ϕj,↑,2 − ϕj,↓,2 +m(−θj,↑,1 − θj,↓,1 + θj,↑,2 + θj,↓,2)],
Ou,22j,12 = exp 2i(θj,↓,1 − θj,↓,2),
Ou,23j,12 = exp i
[
ϕj,↓,1 − ϕj,↓,2 − 2θj,↑,1 +m(θj,↓,1 + θj,↓,2) + 2(m+ 1)θj,↑,2
]
,
Ou,31j,12 = exp i
[−ϕj,↑,1 + ϕj,↑,2 −m(θj,↑,1 + θj,↑,2)− 2(m+ 1)θj,↓,1 + 2θj,↓,2],
Ou,32j,12 = exp i
[−ϕj,↓,1 + ϕj,↓,2 − 2mθj,↑,2 −m(θj,↓,1 + θj,↓,2)],
Ou,33j,12 = exp 2i(−θj,↑,1 − θj,↓,1 + θj,↑,2 + θj,↓,2).
(F1)
For the bilayer state at ν = 4/(4m+ 1), they are given by
Ou,11j,12 = exp 2i(θj,↑,1 − θj,↑,2),
Ou,12j,12 = exp i
[
ϕj,↑,1 + ϕj,↓,1 − ϕj,↑,2 − ϕj,↓,2 + (m+ 2)θj,↑,1 + (3m− 2)(θj,↓,1 + θj,↑,2) + 2θj,↓,2
]
,
Ou,13j,12 = exp i
[
ϕj,↑,1 − ϕj,↑,2 +m(θj,↑,1 + θj,↑,2) + 2mθj,↓,1
]
,
Ou,21j,12 = exp i
[−ϕj,↑,1 − ϕj,↓,1 + ϕj,↑,2 + ϕj,↓,2 −m(−θj,↑,1 − θj,↓,2)− 3m(θj,↓,1 + θj,↑,2)],
Ou,22j,12 = exp 2i(−θj,↓,1 + θj,↓,2),
Ou,23j,12 = exp i
[−ϕj,↓,1 + ϕj,↓,2 − 2θj,↑,1 −m(θj,↓,1 + θj,↓,2)− 2(m− 1)θj,↑,2],
Ou,31j,12 = exp i
[−ϕj,↑,1 + ϕj,↑,2 −m(θj,↑,1 + θj,↑,2)− 2(m− 1)θj,↓,1 − 2θj,↓,2],
Ou,32j,12 = exp i
[
ϕj,↓,1 − ϕj,↓,2 + 2mθj,↑,2 +m(θj,↓,1 + θj,↓,2)
]
,
Ou,33j,12 = exp 2i(−θj,↑,1 + θj,↓,1 + θj,↑,2 − θj,↓,2).
(F2)
These interactions can be constructed from bosonic operators for even m and from fermionic operators for odd m
under the given filling factors and flux structure shown in Fig. 8.
2. Vertex representations for even m
We here sketch how to find the vertex representations of fields in the parafermion CFTs for general values of N ,
k, and m. As a special case, this leads to the identification of the interactions in Sec. VI A as primary fields of the
parafermion CFTs. We first consider the case of bosonic FQH states with even m. Corresponding to the K matrix
(200), we choose the interaction matrix M to be
Mσa;σ′a′(m) = 2(m+ 1)Θ(σ
′ − σ) + (m+ 2)δσσ′δaa′ + 2mΘ(a′ − a). (F3)
We then introduce the sequences of chiral fields,
φ˜Rj,σ,a = ϕj,σ,a +
N−1∑
σ′=1
k∑
a′=1
Mσa;σ′a′(m)θj,σ′,a′ ,
φ˜Lj,σ,a = ϕj,σ,a −
N−1∑
σ′=1
k∑
a′=1
MTσa;σ′a′(m)θj,σ′,a′ ,
(F4)
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and
X˜pj,l =
1√
k
N−1∑
σ=1
k∑
a=1
ωlσ(m)φ˜
p
j,σ,a, Y˜
p,µ
j,l =
N−1∑
σ=1
k∑
a=1
ωlσW
µ
a φ˜
p
j,σ,a, (F5)
where ωσ and Wa are given in Eqs. (A3) and (161), respectively, and ωσ(m) are defined by
ωlσ(m) ≡
N−1∑
l′=1
Λll′(m)ω
l′
σ , Λ(m) = diag
(
1, 1, · · · , 1,
√
N
N + k(N − 1)m
)
. (F6)
The fields (F5) satisfy the commutation relations,
[X˜pj,l(x), X˜
p′
j′,l′(x
′)] = piδjj′δll′
[
ipδpp′sgn(x− x′)− σypp′
]
+
ipi
2k
δjj′
∑
σ,σ′
∑
a,a′
ωlσ(m)ω
l′
σ′(m)
[
M(m)−MT (m)]
σa;σ′a′ ,
[Y˜ p,µj,l (x), Y˜
p′,µ′
j′,l′ (x
′)] = piδjj′δll′δµµ′
[
ipδpp′sgn(x− x′)− σypp′
]
+
ipi
2
δjj′
∑
σ,σ′
∑
a,a′
ωlσω
l′
σ′W
µ
aW
µ′
a′
[
M(m)−MT (m)]
σa;σ′a′ ,
[X˜pj,l(x), Y˜
p′,µ′
j′,l′ (x
′)] =
ipi√
k
δjj′
∑
σ,σ′
∑
a,a′
ωlσ(m)ω
l′
σ′W
µ′
a′
[
M(m)−MT (m)]
σa;σ′a′ .
(F7)
As we have done in Appendix B, we now split the chiral fields X˜pj,l and Y˜
p,µ
j,l into the bosonic fields X
p
j,l and Y
p,µ
j,l
satisfying the standard commutation relations,
[Xpj,l(x), X
p′
j′,l′(x
′)] = ipipδpp′δjj′δll′sgn(x− x′),
[Y p,µj,l (x), Y
p′,µ′
j′,l′ (x
′)] = ipipδpp′δjj′δll′δµµ′sgn(x− x′),
[Xpj,l(x), Y
p′,µ′
j′,l′ (x
′)] = 0,
(F8)
and their zero-mode parts ppX,j,l and p
p,µ
Y,j,l [see Eq. (B10)]. While such a way of splitting is not unique, we proceed to
the further discussion with the following choice,
X˜Rj,l(x) = X
R
j,l(x) +
∑
σ,σ′
∑
a,a′
(
pi
2k
[
ωσ(m) · pRX,j
]
ωlσ′(m)−
pi√
k
ωlσ(m)
[
ωσ′Wa′ · (pRY,j + pLY,j)
])
Mσa;σ′a′(m),
X˜Lj,l(x) = X
L
j,l(x) +
∑
σ,σ′
∑
a,a′
(
pi
2k
[
ωσ(m) · (pLX,j + 2pRX,j)
]
ωlσ′(m)−
pi√
k
ωlσ(m)
[
ωσ′Wa′ · (pRY,j + pLY,j)
])
Mσa;σ′a′(m),
Y˜ R,µj,l (x) = Y
R,µ
j,l (x) +
pi
2
∑
σ,σ′
∑
a,a′
(
ωσWa · pRY,j
)
ωlσ′W
µ
a′Mσa;σ′a′(m),
Y˜ L,µj,l (x) = Y
L,µ
j,l (x) +
pi
2
∑
σ,σ′
∑
a,a′
[
ωσWa · (pLY,j + 2pRY,j)
]
ωlσ′W
µ
a′Mσa;σ′a′(m).
(F9)
Let us focus on the right-moving sector in a single wire and thus omit the wire index j for brevity. We find that the
energy-momentum tensors for the SU(N)k/[U(1)]
N−1 and SU(k)N/[U(1)]k−1 CFTs have the vertex representations,
TSU(N)k/[U(1)]N−1(z) =
1
2(N + k)
[
−N
k−1∑
µ=1
:(∂zY
R,µ)2: +
∑
α∈∆N
∑
a 6=b
dWa,WbA (p
R
Y ) :e
iα(Wa−Wb)·YR(z):
]
, (F10)
TSU(k)N/[U(1)]k−1(z) =
1
2(N + k)
[
−k
k−1∑
µ=1
:(∂zY
R,µ)2: −
∑
α∈∆N
∑
a6=b
dWa,WbA (p
R
Y ) :e
iα(Wa−Wb)·YR(z):
]
, (F11)
where the cocycle factors are given by
dWa,Wbα (p) = e
ipi√
k
α(Wa−Wb)∗α(m)− ipi2 [αWa∗α(Wa−Wb)−α(Wa−Wb)∗αWb]+ipip∗α(Wa−Wb). (F12)
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Here we have also defined the normalized root,
αl(m) ≡
N−1∑
l′=1
Λ−1ll′ (m)α
l′ , Λ−1(m) = diag
(
1, 1, · · · , 1,
√
N + k(N − 1)m
N
)
, (F13)
and star products,
α ∗ β ≡ 1
2k
∑
σ,σ′
∑
a,a′
[
ωσ(m) ·α
][
ωσ′(m) · β
]
Mσa;σ′a′(m),
α ∗ βB ≡ 1
2
√
k
∑
σ,σ′
∑
a,a′
[
ωσ(m) ·α
]
(ωσ′ · β)(Wa′ ·B)Mσa;σ′a′(m),
αA ∗ β ≡ 1
2
√
k
∑
σ,σ′
∑
a,a′
(ωσ ·α)(Wa ·A)
[
ωσ′(m) · β
]
Mσa;σ′a′(m),
αA ∗ βB ≡ 1
2
∑
σ,σ′
∑
a,a′
(ωσ ·α)(Wa ·A)(ωσ′ · β)(Wa′ ·B)Mσa;σ′a′(m).
(F14)
The energy-momentum tensor for the SU(N)k/[U(1)]
N−1 CFT in Eq. (F10) is obtained as follows. We start from
the energy-momentum tensor,
T[U(1)]k(N−1)(z) = −
1
2
N−1∑
l′=1
Λ−2ll′ (m) :(∂zX
R
l )
2: −1
2
k−1∑
µ=1
:(∂zY
R,µ)2:, (F15)
which normalize the vertex representations of current operators,
Hl(z) = i
√
k
N−1∑
l′=1
Λ−1ll′ (m)∂zX
R
l′ (z), (F16)
Eα(z) =
k∑
a=1
:e
i√
k
α(m)·X˜R(z)+iαWa·Y˜R(z):, (F17)
to have conformal weights 1. By substituting these expressions into the Sugawara energy-momentum tensor
(C3) and subtracting the U(1) part containing XR, we obtain Eq. (F10). The energy-momentum tensor for the
SU(k)N/[U(1)]
k−1 CFT in Eq. (F11) is obtained by subtracting those for the SU(N)k/[U(1)]N−1 and U(1) CFTs
from Eq. (F15).
By factorizing Eq. (F17) as
Eα(z) = :e i√kα(m)·XR(z)+ ipi√kpRX∗α(m)+ 2ipi√k pLY ∗α(m): Ψ˜α,1(z), (F18)
one can find the vertex representation of the SU(N)k/[U(1)]
N−1 parafermionic field associated with an SU(N) root
α and the fundamental representation of SU(k),
Ψ˜α,1(z) =
k∑
a=1
dWaα (p
R
Y ) :e
iαWa·YR(z):, (F19)
up to the normalization, where the parafermionic cocycle factor is given by
dWaα (p) = e
− ipi√
k
αWa∗α(m)− ipi2 αWa∗αWa+ 2ipi√k p∗α(m)+ipip∗αWa . (F20)
In the left-moving sector, we similarly find the energy-momentum tensors,
T¯SU(N)k/[U(1)]N−1(z¯) =
1
2(N + k)
[
−N
k−1∑
µ=1
:(∂z¯Y
L,µ)2: +
∑
α∈∆N
∑
a6=b
dWa,WbA (p
L
Y + 2p
R
Y ) :e
iα(Wa−Wb)·YL(z¯):
]
, (F21)
T¯SU(k)N/[U(1)]k−1(z¯) =
1
2(N + k)
[
−k
k−1∑
µ=1
:(∂z¯Y
L,µ)2: −
∑
α∈∆N
∑
a 6=b
dWa,WbA (p
L
Y + 2p
R
Y ) :e
iα(Wa−Wb)·YL(z¯):
]
, (F22)
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and the parafermionic fields,
E¯α(z¯) = :e i√kα(m)·XL(z¯)+ ipi√k (pLX+2pRX)∗α(m)− 2ipi√k pRY ∗α(m): ¯˜Ψα,1(z¯), (F23)
¯˜
Ψ
α,1
(z¯) =
k∑
a=1
dWaα (p
L
Y + 2p
R
Y ) :e
iαWa·YL(z¯): . (F24)
Therefore, the interwire interactions
k∑
a,b=1
Otj,σ,ab =
k∑
a,b=1
:e
i√
k
ασ(m)·(X˜Rj −X˜Lj+1)+iασWa·Y˜Rj −iασWb·Y˜Lj+1 : (F25)
can be identified as the products of a [U(1)]N−1 vertex operator from the charge sector and the SU(N)k/[U(1)]N−1
parafermionic field from the neutral sector. On the other hand, the intrawire interactions
N∑
s,s′=1
eiΓm(s,s
′)Ou,ss′j,ab =
N∑
s,s′=1
:eiωs(Wa−Wb)·Y˜
R
j −iωs′ (Wa−Wb)·Y˜Lj +iΓm(s,s′):, (F26)
are identified as the nonchiral products of the SU(k)N/[U(1)]
k−1 parafermionic fields with an appropriate choice of
the phases eiΓm(s,s
′). Upon the assumption that the matrix M is given by Eq. (F3), the phase is chosen to be
Γm(s, s
′) =
pim
2
(δsN + δs′N ). (F27)
Because of the complicated form of the parafermionic cocycle, we could not find the algebraically simple way
to prove that these vertex representations satisfy the required OPEs for a general choice of the interaction matrix
M. However, for a specific choice given in Eq. (F3) with even integer m, we have confirmed them by the explicit
computation.
3. Vertex representations for odd m
For odd integer m, FQH states are constructed from the array of fermionic wires. Thus we now introduce the
fermionic operators in each wire,
ψRj,σ,a(x) = κj,σ,ae
−iϕj,σ,a(x)−iθj,σ,a(x)−ikF x,
ψLj,σ,a(x) = κj,σ,ae
−iϕj,σ,a(x)+iθj,σ,a(x)+ikF x,
(F28)
where κj,σ,a are the Klein factors satisfying κ
†
j,σ,a = κj,σ,a and
{κj,σ,a, κj′,σ′,a′} = 2δjj′δσσ′δaa′ , (F29)
and hence ensuring the anticommutation relations of fermions between different wires, components, or channels. The
anticommutation relations of the fermion with itself and those with different chiralities are automatically ensured by
the commutation relations of the bosonic fields in Eq. (16). Then the interwire interactions are constructed as
Otj,σ,ab ∝ ψR†j,σ,aψLj+1,σ,b
N−1∏
σ′=1
k∏
a′=1
(
ψR†j,σ′,a′ψ
L
j,σ′,a′
) 1
2 [M(m)−1]σa;σ′a′ (ψR†j+1,σ′,a′ψLj+1,σ′,a′) 12 [MT (m)−1]σb;σ′a′
∝ κj,σ,aeiϕj,σ,a+i
∑
σ′,a′ Mσa;σ′a′ (m)θj,σ′,a′κj+1,σ,be
−iϕj+1,σ,b+i
∑
σ′,a′ M
T
σb;σ′a′ (m)θj+1,σ′,a′ , (F30)
where 12 [M(m) − 1] is an integer matrix and the Klein factors involved in the products ψR†j,σ′,a′ψLj,σ′,a′ just become
unity. If we write
eiφ˜
R
j,σ,a = κj,σ,ae
iϕj,σ,a+i
∑
σ′,a′ Mσa;σ′a′ (m)θj,σ′,a′ ,
eiφ˜
L
j,σ,a = κj,σ,ae
iϕj,σ,a−i
∑
σ′,a′ M
T
σa;σ′a′ (m)θj,σ′,a′ ,
(F31)
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the anticommuting property of the Klein factor can be incorporated into the commutation relations of the chiral
bosonic fields,
[φ˜pj,σ,a(x), φ˜
p
j′,σ′,a′(x
′)] = ipipδjj′Kσa;σ′a′(m)sgn(x− x′) + ipi
2
δjj′ [M(m)−MT (m)]σa;σ′a′
+ ipiδjj′δaa′sgn(σ
′ − σ) + ipiδjj′sgn(a′ − a) + ipisgn(j′ − j),
[φ˜Rj,σ,a(x), φ˜
L
j′,σ′,a′(x
′)] = ipiδjj′Mσa;σ′a′(m) + ipiδjj′δaa′sgn(σ′ − σ) + ipiδjj′sgn(a′ − a) + ipisgn(j′ − j),
(F32)
where K(m) = 12 [M(m) + M
T (m)]. Upon the choice of the interaction matrix M(m) in Eq. (F3), these commutation
relations are rewritten as
[φ˜pj,σ,a(x), φ˜
p′
j′,σ′,a′(x
′)]
= piδjj′Kσa;σ′a′(m)
[
ipδpp′sgn(x− x′)− σypp′
]
+
ipi
2
δjj′
[
M(m+ 1)−MT (m+ 1)]
σa;σ′a′ + ipisgn(j
′ − j). (F33)
After introducing the chiral fields (F5), this commutation relation produces Eq. (F7) within the same wire except
that M(m) is replaced by M(m+1). This replacement means that the parafermionic cocycles appearing in the vertex
representations of fields for odd m nothing but follow the property for even m. Therefore, we can construct the vertex
representations for parafermionic fields and energy-momentum tensors for the fermionic case simply along with the
line of argument for the bosonic case given above.
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